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Introduction

”Everything is a Lagrangian submanifold”

A. Weinstein [14]

It is well-known that symplectic geometry plays an important role in the mathematical
description of Classical Mechanics. In fact, the phase space of a Hamiltonian system may
be identified with the cotangent bundle T ∗Q of the configuration space Q. So, using the
canonical symplectic structure of T ∗Q and the Hamiltonian function H : T ∗Q → R one
may obtain a vector field on T ∗Q, the Hamiltonian vector field of H. The integral curves
of this vector field are just the solutions of the Hamilton equations (see [1]).

On the other hand, given a Hamiltonian system with a Hamiltonian function H : T ∗Q→
R, knowing one solution of the (partial) Hamilton-Jacobi equation simplifies the search of
trajectories of the Hamiltonian vector field. It is well-known that the solutions of such
an equation live in Lagrangian submanifolds of T ∗Q (see [1], [10]). More generally, one
may see that a Lagrangian foliation on the cotangent bundle T ∗Q may be associated with
a complete solution of the Hamilton-Jacobi equation (see [3]). Thus, knowing the local
structure of the Lagrangian submanifolds of the cotangent bundle is useful to find solutions
of the Hamilton-Jacobi equation. The description of this local structure may be found, for
instance, in [10].

So, Lagrangian submanifolds are a very interesting class of submanifolds of a symplectic
manifold. In fact, apart from the previous arguments the following facts justify such a
statement:

• A geometric formulation of Lagrangian and Hamiltonian Mechanics may be developed
using Lagrangian submanifolds of special symplectic manifolds (see [18], [19]).

• Lagrangian submanifolds play an important role in the geometric description of vari-
ational mechanical systems subjected to nonholonomic constraints (or vakonomic sys-
tems) (see [9]).

• A completely integrable mechanical system admits a Lagrangian foliation on its phase
space of momenta whose leaves are torus of dimension n, n being the dimension of
the configuration space (see [2]).

• A geometric formulation of discrete constrained Lagrangian mechanics may be devel-
oped using Lagrangian submanifolds of symplectic groupoids. This theory may be
applied to discretize several concrete problems in optimal control (see, for instance,
[8], [16]).

In another direction, if our Hamiltonian function H : T ∗Q → R is invariant under the
action of a symmetry group G which acts freely and properly on the configuration manifold



Q, then a new Hamiltonian function h may be defined on the reduced phase space T ∗Q/G.
Thus, we have a new dynamical system T ∗Q/G and the integration of this system allows
us, in some cases, to recover the dynamics of the original system through a process of
reconstruction (see [14] [12]). We remark that T ∗Q/G is not, in general, a symplectic
manifold but a linear Poisson manifold. In fact, T ∗Q/G is a vector bundle over Q/G
and the dual bundle TQ/G admits a Lie algebroid structure. TQ/G is the Atiyah algebroid
associated with the principal G-bundle, p : Q→ Q/G (see [13]). The Lie algebroid structure
on TQ/G induces, in a natural way, the linear Poisson structure on T ∗Q/G. T ∗Q/G is called
the Sternberg-Weinstein phase space (see [17] for more details).

Recently, in the context of Lie algebroids de León, Marrero and Mart́ınez in [6] have
developed a Lagrangian and Hamiltonian formulation of Classical Mechanics. Given a Lie
algebroid A over M one may define their A-tangent bundle to A and A∗ as the prolongation
of A over the projections of A and A∗ on M , respectively (see [15] [6] for more details). In
the particular case when the Lie algebroid is the tangent bundle to M they coincide with
T (TM) and T (T ∗M), respectively.

In the A-tangent bundle to A, the mathematical formulation of Lagrangian mechanics is
developed in an analogous way as its classical formulation on the tangent bundle. Likewise,
thanks to the existence of a linear Poisson structure on A∗, we can provide the A-tangent
bundle to A∗, T AA∗, with a symplectic section and Hamiltonian mechanics is build there
as in the cotangent bundle. Note that thanks to the fact that T AA∗ has a symplectic
structure, we can consider Lagrangian Lie subalgebroids which may be very useful for the
Hamilton-Jacobi theory, as in the classical case.

This is just the aim of this master thesis, describing the Lagrangian Lie subalgebroids of
T AA∗ in order to apply the obtained results in the Hamilton-Jacobi theory for Hamiltonian
systems on linear Poisson manifolds. We follow the scheme that [10] uses in the description
of Lagrangian submanifolds on the cotangent bundle. Thus, the first step is to describe the
local structure of Lagrangian Lie subalgebroids L of T AA∗ such that its base manifold C
is fibered over a submanifold of M and after that consider the general case. In this master
thesis we just consider the first case. Furthermore, as we will see, if L is fibered over C,
then C is coisotropic on A∗. Therefore, for the local description of the Lagrangian Lie
subalgebroids it will be necessary to give the local description of the coisotropic subbundles
of A∗. Notice that A∗, in general, is not symplectic but Poisson, so we will need to use
the coisotropic calculus in Poisson geometry (see [21]). Additionally, given that locally any
fibered Lagrangian submanifold of T ∗M is affine, we focus on the case in which C is an
affine subbundle, and let the other cases for further work.

Summarizing, the aim of this master thesis is the local description of the Lagrangian
Lie subalgebroids of T AA∗ which are fibered over an affine subbundle of A∗. The project is
structured as follows. In Chapter 1 we discuss some basic aspects about the Lie algebroid
theory and the Poisson geometry. In particular, we recall that there exists a one-to-one
correspondence between Lie algebroid structures on a vector bundle and linear Poisson
structures on the dual bundle. In Chapter 2, we present some basic aspects of the La-
grangian (respectively, coisotropic) calculus in symplectic (respectively, Poisson) geometry
and we discuss the local structure of Lagrangian submanifolds of the cotangent bundle T ∗M
which are fibered over a submanifold N of M . We finish the chapter by proving that any
Lagrangian Lie subalgebroid of T AA∗ is fibered over a coisotropic submanifold of A∗. This
leads to Chapter 3 devoted to study the local structure of the coisotropic affine subbundles
of A∗. Then, in Chapter 4 we obtain a local model for a certain type of Lagrangian Lie
subalgebroids of T AA∗ which are fibered over coisotropic affine subbunldes of A∗. Up to



our knowledge, the results in Chapter 3 and 4 are new in the literature although, it should
be noted that, in [4] the author obtains a one-to-one correspondence between coisotropic
submanifolds of a Poisson manifold M and Lagrangian Lie subalgebroids of the cotangent
Lie algebroid T ∗M . The Master thesis ends with our conclusions and description of future
research directions.





Chapter 1

Linear Poisson structures and Lie
Algebroids

One of the main objectives of this project is to study the Lagrangian subbundles of the A-
tangent bundle to the dual bundle of a Lie algebroid A. To do so, it is essential to introduce
the notion of a Lie algebroid and its prolongation over the projection τA∗ , as well as present
the basic concepts of the Lagrangian and coisotropic calculus on Poisson manifolds. We
devote the first chapter to give the background on Poisson geometry and Lie algebroids,
while the Lagrangian and coisotropic calculus will be introduced on the next chapter.

We begin by recalling the basic notions of Poisson geometry with special emphasis on
linear Poisson structures (see [5], [10], [20]). Then we move on to the concept of a Lie
algebroid and we introduce the linear Poisson structure on the dual bundle A∗ of a Lie
algebroid (see [6], [13], [15]). Finally, we end up by studying the prolongation of a Lie
algebroid over the projection τA∗ and focus on its Lie algebroid structure (see [6], [15]).

1.1 Poisson manifolds

Definition 1.1. A smooth manifold M is said to be a Poisson manifold if there exists an
operation { , } : C∞(M)× C∞(M)→ C∞(M) known as Poisson bracket, such that

i. (C∞(M), { , }) is a Lie algebra.

ii. { , } verifies the Leibniz rule, that is, {ff ′, g} = f {f ′, g}+f ′ {f, g} for every f, f ′, g ∈
C∞(M).

Such a bracket induces a 2-vector w by {f, g} = w(df, dg) for every f, g ∈ C∞(M). An
equivalent definition of a Poisson manifold is a pair (M,w) satisfying that [w,w] = 0, where
[ , ] denotes the Schouten-Nijenhuis bracket. If (q1, · · · , qm) are local coordinates on M one
has that the local expresion of w is

w =
∑
i<j

wij
∂

∂qi
∧ ∂

∂qj
(1.1)

where wij = w(dqi, dqj) =
{
qi, qj

}
for all i, j = 1, . . . ,m.

The 2-vector w induces a vector bundle morphism #w : T ∗M → TM by

βq(#w(αq)) = w(αq, βq), for αq, βq ∈ T ∗qM (1.2)



As in the symplectic case, in a Poisson manifold there is also a distingusihed type of
vector fields known as Hamiltonian vector fields that have associated a potential function
with them. Given f ∈ C∞(M), the Hamiltonian vector field Xf associated with f is defined
by

Xf = { , f} (1.3)

Or, if we denote again by #w : Ω1(M)→ X (M) the induced morphism of C∞(M)-modules,
the Hamiltonian vector fields are given by Xf = −#(df). From the Jacobi identity one
easily has

[Xf , Xg] = −X{f,g}. (1.4)

Definition 1.2. Given two Poisson manifolds (M1, { , }1) and (M2, { , }2) and a smooth
map ϕ : M1 →M2, then ϕ is said to be a Poisson morphism if {f, g}2 ◦ ϕ = {f ◦ ϕ, g ◦ ϕ}1
for every f, g ∈ C∞(M2).

It is easy to see that an equivalent condition for ϕ to be a Poisson morphism is

w1(q)(T ∗ϕ(q)ϕ(α), T ∗ϕ(q)ϕ(β)) = w2(ϕ(q))(α, β) (1.5)

for every α, β ∈ T ∗ϕ(q)M2 where w1 and w2 are the corresponding Poisson bivectors,.
Hamiltonian vector fields are always Poisson vector fields, that is, their flows consist on

Poisson morphisms. Another usual characterization of a Poisson vector field X is LXw = 0,
where LX is the Lie derivative with respect to X.

Symplectic manifolds

A pair (M,ω) where M is a smooth manifold and ω is a 2-form is said to be a symplectic
manifold if ω is closed and non-degegnerated. Remark that in such a case, ω induces a
isomorphism of vector bundles [ω : TM → T ∗M by

[ω(v) = ivω(x) if v ∈ TxM

Given a smooth function f ∈ C∞(M), due to [ω is an isomorphism, there also exists
the notion of Hamiltonian vector field associated to a f as the vector field Xf given by
[w(Xf ) = df . It allows us to define a Poisson bracket on M as follows:

{f, g} = ω(Xf , Xg) (1.6)

Thus, every symplectic manifold is a Poisson manifold. Moreover, since #w = −[−1
ω , we

have that #w is an isomorphism, so that, the Poisson structure is non-degegnerated . In
fact, we have the following relation between Poisson and symplectic structures (see [14]).

Proposition 1.3. A Poisson bracket { , } is non-degegnerated if, and only if, (M, { , }) is
a symplectic manifold.

Symplectic foliation of a Poisson manifold

Let (M,w) be a Poisson manifold. Consider the characteristic space at point q given by
#w(q)(T

∗
qM) = Cq, or, analagously by Cq = {Xf (q) | f ∈ C∞(M)}. Observe that the

dimension of Cq coincides with the rank of #w at q. Thus, the dimension of the characteristic



space is always even. If rank#w(q) = dimM we say that # is non-degenerate at the point
q. As well, if the rank of #w(q) does not depend on the point we say that w is a regular
Poisson structure.

The characteristic space Cq of a Poisson manifold M induces a generalized distribution
which is generated by the Hamiltonian vector fields.We call it the generalized distribution
of the Poisson manifold and we denote it by C. Moreover we have the following result (see
[20] for the details).

Theorem 1.4. The characteristic distribution C of a Poisson manifold M is completely
integrable and the Poisson structure induces a symplectic structure on each leaf.

Proof. (Sketch) Using the generalized Frobenius theorem and some properties of the Hamil-
tonian vector fields one concludes that C is a foliation.
Let L be a leaf. We prove that { , } induces a Poisson structure on L as follows,

{ , }L : C∞(L)× C∞(L) → C∞(L)

(f, g) → {f, g}L =
{
f̃ , g̃
}

where f̃ , g̃ ∈ C∞(M) are such that f̃|L = f and g̃|L = g. If q ∈ L we have,

{g, f}L (q) = Xf̃ (g̃)(q) = (
d

dt |t=0
ϕ
Xf̃
q (t))(g̃)

where ϕ
Xf̃
q is the integral curve of the vector field Xf̃ with initial condition q ∈ L. In

particular, if the initial condition is in L, the whole integral curve remains on L and { , }L
only depends on g. Likewise, we obtain that { , }L only depends on f and { , }L is well
defined. Easy calculations prove that { , }L is R-bilinear, skew-symmetric and satisfies the
Jacobi identity and the Leibniz rule. Thus, { , }L is a Poisson bracket on L. Finally,

TqL =
{
Xf̃ (q) |f̃ ∈ C∞(M)

}
= {Xf (q) |f ∈ C∞(L)} = #L(T ∗q L).

This proves that #L : T ∗q L→ TqL is an isomorphism.

The leaves of the characteristic foliation are known as the symplectic leaves of the Poisson
manifold. The symplectic form on a leaf L is given by

ω(X,Y ) = β(X) = β(#L(α)) = wL(q)(α, β) (1.7)

where X = #L(α) and Y = #L(β) with α, β ∈ T ∗M .

Example 1.5. Given a connected smooth manifold M , the cotangent bundle T ∗M is always
a symplectic manifold and its characteristic foliation has a unique leaf, namely, T ∗M .

Linear Poisson structures

Definition 1.6. [14] A linear Poisson structure is a Poisson structure on a real vector space
V such that for every couple of linear functions f and g defined on V , {f, g} also is a linear
function.



From the local expression of the Poisson bracket we deduce that the condition of being
a linear Poisson structure is equivalent to the local components of the Poisson 2-vector to
be linear.

If f, g are two linear functions on a vector space V , then f, g ∈ V ∗. Thus, if { , } is a
linear Poisson structure on V it induces a Lie algebra structure over V ∗ by {f, g} ∈ V ∗.
Conversely, if (V ∗, [ , ]) is a Lie algebra one can define a Poisson bracket by

{f, g} (α) = α([df(α), dg(α)]), for f, g ∈ C∞(V ) and α ∈ V (1.8)

It is immediate to see that { , } is linear, skew-symmetric and satisfies the Leibniz rule.
Thus, there exists a 2-vector w on V ∗ such that w(df, dg) = {f, g} for f, g ∈ C∞(V ∗). To
check that { , } is a Poisson bracket one only has to verify that [w,w] = 0

In short, there exists a natural bijection between the linear Poisson structures on a real
vector space V of finite dimension and Lie algebra structures on the dual space V ∗. In the
case of V ∗ being the Lie algebra g of a Lie group G, the linear Poisson structure is known
as the Lie-Poisson structure.

1.2 Generalities on Lie Algebroids

In this section we present some generalities on Lie algebroids (for more details see [13]).

Definition 1.7. A Lie Algebroid is a triple (τA, [[ , ]], ρ) such that

i. τA : A→M is a vector bundle.

ii. (Γ(A), [[ , ]]) is a Lie algebra.

iii. ρ : A → TM is morphism of vector bundles, the anchor map, that induces a Lie
algebra homomorphism ρ : Γ(A)→ X (M) satisfying the compatibility condition:

[[X1, fX2]] = f [[X1, X2]] + ρ(X1)(f)X2 for f ∈ C∞(M), X1, X2 ∈ Γ(A) (1.9)

In this context, as it is done in a manifold, it is posible to define an exterior algebra
calculus. Sections of τA play the role of vector fields, and sections of the dual bundle
τA∗ : A∗ → M are like 1-forms. Likewise, the algebra

⊕
k Γ(ΛkA∗) plays the role of the

algebra of the differential forms and it is possible to define a differential operator dA :
Γ(ΛkA∗)→ Γ(Λk+1A∗) as

dAφ(X0, · · · , Xk) =
k∑
i=0

(−1)iρ(Xi)(φ(X0, · · · , X̂i, · · · , Xk))

+
∑
i<j

(−1)i+jφ([[Xi, Xj ]], X0, · · · , X̂i, · · · , X̂j , · · · , Xk)

where X0, · · ·Xk ∈ Γ(A) and φ ∈ Γ(ΛkA∗). From the properties of the Lie algebroid it
follows that dA is a cohomology operator (that is, (dA)2 = 0) and dA(α ∧ β) = dAα ∧ β +
(−1)kα ∧ dAβ, for α ∈ Γ(ΛkA∗) and β ∈ Γ(ΛrA∗) . Conversely, it is posible to recover
the Lie algebroid structure of A from the existence of an exterior differential on Γ(Λ•A∗).
Indeed, given a vector bundle τA : A → M one can define the anchor and the Lie bracket
as follows:



i. ρ(X)f = (dAf)(X) for X ∈ Γ(A) and f ∈ C∞(M)

ii. i[[X,Y ]]θ = ρ(X)θ(Y )− ρ(Y )θ(X)− dAθ(X,Y ) for X,Y ∈ Γ(A) and θ ∈ Γ(A∗).

Given X ∈ Γ(A), we can define an operator LAX : Γ(ΛkA∗) → Γ(ΛkA∗) that plays the
role of the Lie derivative by means of the Cartan identity:

LAXθ = iXd
Aθ + dAiXθ

for θ ∈ Γ(ΛkA∗). One has the following identities:

i. dA ◦ LAX = LAX ◦ dA.

ii. LAXiY − iXLAY = i[[X,Y ]].

iii. LAXLAY − LAY LAX = LA[[X,Y ]].

We may consider two type of distinguished functions on a vector bundle. First, given
a function f ∈ C∞(M) one may define a function f̃ on A by f̃ = f ◦ τA. This type of
functions are known as basic functions. Furthermore, every section θ of the dual bundle
τA∗ : A∗ →M may be regarded as a linear function θ̂ on A in the following sense

θ̂|Aq = θ(q), ∀q ∈M.

Remark that Ω1(A) is locally generated by the differentials of basic and linear functions.

Supose that (q1, · · · , qm) are local coordinates on M and {e1, · · · , en} is a local basis of
sections of the bundle. Then, every y ∈ A is expressed as y = y1e1(τA(y))+· · ·+ynen(τA(y)),

so that, we have local coordinates
{
qi, yα

}1≤α≤n
1≤i≤m on A.

Once we have local coordinates, we define the structure functions ρiα and Cγαβ as

ρ(eα) = ρiα
∂

∂qi
, [[eα, eβ]] = Cγαβeγ (1.10)

From 1.7 these functions must satisfy the structure equations written below:

ρjα
∂ρiβ
∂qj
− ρjβ

∂ρiα
∂qj

= ρiγC
γ
αβ (1.11)

∑
ciclic α,β,γ

(
ρiα
∂Cηβγ
∂qi

+ CηαµC
µ
βγ

)
= 0 (1.12)

Hence,

dAqi = ρiαe
α, dAeα = −1

2
Cγαβe

β ∧ eγ (1.13)

and if, θ = θαe
α,

dAf =
∂f

∂qi
ρiαe

α, dAθ =

(
∂θγ
∂qi

ρiβ −
1

2
θαC

γ
αβ

)
eβ ∧ eγ (1.14)

where {eα} is the dual basis of {eα}.



Example 1.8. i. Tangent bundle The standard example of a Lie algebroid is the
tangent bundle of a manifold M . In this case, the space of sections is just the set of
vector fields on M and the Lie algebra structure on Γ(TM) ≡ X (M) is induced by
the standard Lie bracket of vector fields on M . The anchor map is the identity.

ii. Lie algebra Let g be a Lie algebra and M = {q} be a unique point. One has a Lie
algebra structure on Γ(g) induced by the Lie algebra structure of g. Furthermore,
TM = {0} and one may consider the anchor map ρ = 0. Thus, (g, [ , ], ρ) is a Lie
algebroid over q.

iii. Action Lie Algebroid Let φ : G ×M → M be a action of a Lie group G on a
manifold M . It induces a Lie algebra antihomomorphism between g and X (M) by

g → X (M)
ξ → ξM

(1.15)

where ξM is the infinitesimal generator of the action corresponding to ξ. Consider the
vector bundle M × g → M . The sections given by η̄ : q ∈ M → (q, η) ∈ M × g for
η ∈ g span Γ(M × g). Thus, we may define a Lie algebra structure on Γ(M × g) as

[[η̄, ν̄]]M×g(q) = (q, [η, ν]) = [η, ν]

and an anchor ρ : M × g→ TM by ρ(q, ξ) = −ξM (q).

iv. Atiyah Algebroid Now assume that G acts free and properly on M and denote by
π : M → M̂ = M/G the associated principal bundle. The tangent lift of the action

gives a free an proper action of G on TM and T̂M = TM/G is a quotient manifold.

Thus, we can consider the fibration τ : T̂M → M̂ given by τ([vq]) = π(q). It can be
proved that τ is a vector bundle whose fiber over a point π(q) ∈ M̂ is isomorphic to
TqM .

Now, let us provide T̂M with a Lie algebroid structure. First, it can be seen that the
sections of T̂M are identified with the Lie subalgebra of the G-invariant vector fields

Γ(T̂M) = {X ∈ X (M) | X is G-invariant} = X (M)G.

Thus, the bracket on T̂M is just the bracket of vector fields. Furthermore the an-
chor ρ : T̂M → TM̂ is given by ρ([vq]) = Tqπ(vq) and since the G-invariant vector
fields are π-projectable it follows that ρ is a Lie algebra homomorphism satisfying the
compatibility condition.

Remark 1.9. Notice that from the definition of the Atiyah algebroid one may recover the
Lie algebroid structure of the tangent bundle by choosing G to be the trivial group. As
well, if we set M = G and consider the left action of G on TG we recover the example of
a Lie algebra. Furthermore, this example could also be recovered from the example of the
action Lie algebroid choosing M = {q}.

The dual bundle

Given a Lie algebroid (τA, [[ , ]], ρ), the dual bundle τA∗ : A∗ → M is not in general a Lie
algebroid. It is enough to consider the cotangent bundle of a manifold M . However, in the



contagent bundle T ∗M one has a symplectic structure in a natural way. In general, the
dual bundle of a Lie algebroid is not necesarely symplectic, but Poisson. Let us construct
its Poisson structure.

We have seen that given a vector bundle τA : A → M , there are two types of functions
whose differentials span Ω1(A). Thus, in the case of dual bundle τA∗ : A∗ → M , the basic
functions that are given by f̃ = f ◦ τA∗ for f ∈ C∞(M) and the linear functions defined by
X̂(a∗) = a∗(XτA∗(a

∗)) for X ∈ Γ(A), a∗ ∈ A, span Ω1(A∗). Therefore, it suffices to define
the Poisson bracket for that functions:

{f̃ , g̃} = 0, {f̃ , X̂} = ρ̃(X)f, {X̂, Ŷ } = −̂[[X,Y ]] (1.16)

It is an easy exercise to verify that it defines a Poisson bracket. Remark that { , } is not
only a Poisson bracket, but a linear Poisson bracket.

If
{
qi, yα

}
are local coordinates on A∗, then{

q̃i, q̃j
}

= 0,
{
q̃i, ŷα

}
= ρiα, {ŷα, ŷβ} = −yγCγαβ (1.17)

This leads to the Poisson bivector

w = −1

2
Cγαβyγ

∂

∂yα
∧ ∂

∂yβ
+ ρiα

∂

∂yα
∧ ∂

∂qi
. (1.18)

Vertical and complete lifts

Let us introduce two canonical operations that we have on a Lie algebroid A. The first one
is a consequence of A being a vector bundle and the second one is obtained using the Lie
algebroid structure of A (for more details, see [6], [15]).

On the one hand, given a section X ∈ Γ(A) we define its vertical lift as the vector field
Xv ∈ X (A) given by

Xv(a) = X(q)va, for a ∈ Aq (1.19)

where v
a : Aq → TaAq is the vertical isomorphism given by

bva =
d

dt |t=0
(a+ tb).

On the other hand, given X ∈ Γ(A) we define its complete lift to A as the unique vector
field Xc ∈ X (A) such that

i. Xc(f̃) = ˜ρ(X)(f) for every f ∈ C∞(M).

ii. Xc(α̂) = L̂AXα for every α ∈ Γ(A∗).

Remark that from the first condition it follows that Xc is τA-projectable to ρ(X). With
these definitions we have the following properties:

[Xc, Y c] = [[X,Y ]]c [Xc, Y v] = [[X,Y ]]v [Xv, Y v] = 0 (1.20)

for X,Y ∈ Γ(A)
Likewise, we can also define the complete lift to A∗ as the unique vector field X∗c ∈ X (A∗)

characterized by



i. X∗c(f̃) = ˜ρ(X)(f) for every f ∈ C∞(M).

ii. X∗c(Ŷ ) = L̂AXY for every Y ∈ Γ(A).

As before, the first condition implies that X∗c is τA∗-projectable to ρ(X).
Finally, it is also possible to define a vertical lift on A∗. Indeed, given α ∈ Γ(A∗), its

vertical lift is the vector field αv ∈ X (A∗) given by αv(a∗) = α(q)va∗ , for a∗ ∈ Aq, where the
isomorphism v

a is defined in analogous way as before. Thus, we have defined vertical and
complete lifts on A∗ and properties (1.20) may be reformulated as follows:

[X∗c, Y ∗c] = [[X,Y ]]∗c [Xc, αv] = (LXα)v [αv, βv] = 0 (1.21)

for X,Y ∈ Γ(A) and α, β ∈ Γ(A∗).

Morphisms of Lie algebroids and subalgebroids

Given a morphism of vector bundles (F, f) between two Lie algebroids (τB, [[ , ]]B, ρB) and
(τA, [[ , ]]A, ρA)

B

τB
��

F // A

τA
��

M
f

//M ′

(F, f) is said to be a morphism of Lie algebroids if

dB((F, f)∗θ) = (F, f)∗(dAθ) for θ ∈ Γ(ΛkA∗) ∀k

where (F, f)∗θ is the section of ΛkB∗ →M given by

((F, f)∗θ)(p)(a1, · · · , ak) = θ(f(p))(F (a1), · · · , F (ak)),

for a1, · · · , ak ∈ Bp for p ∈M .

In particular, a Lie algebroid morphism preserves the anchor and the bracket of pro-
jectable sections. In fact, an equivalent definition of morphism of Lie algebroids could be
given in terms of the bracket and the anchor. For more details see [13]. In some cases, we
also have a definition trought the dual bundle and its Poisson structure as follows.

Proposition 1.10. Let (τA, [[ , ]]A, ρA) and (τB, [[ , ]]B, ρB) be Lie algebroids and (F, f) be
morphism of vector bundles. Then, (F, f) is a Lie algebroid morphism if, and only if, f is
a diffeomorphism and (F, f)∗ is a Poisson morphism.

In particular, if A and B have the same basis and f = Id, the condition reduces to
(F, Id) be a Poisson morphism.

In the particular case of (F, f) = (j, i) being a monomorphism of vector bunldes with
i an inmersion, we say that (τB, [[ , ]]B, ρB) is a Lie subalgebroid of (τA, [[ , ]]A, ρA). An
alternative definition is obtained as follows.



Definition 1.11. Let (τA, [[ , ]]A, ρA) be a Lie algebroid over M and N be a submanifold of
M . A Lie subalgebroid of A over N is a vector subbundle B of A over N

B

τB
��

j // A

τA
��

N
i

//M

such that,

i. ρB = ρA|B : B → TN is well defined.

ii. Given X,Y ∈ Γ(B) and X̃, Ỹ ∈ Γ(A) extensions of X,Y respectively, we have that
([[X̃, Ỹ ]]A)|N ∈ Γ(B).

Example 1.12. i. Tangent bundle Let N be a submanifold of M . Then, it follows
easily that TN is a Lie subalgebroid of TM .

Another non trivial examples of Lie subalgebroids of the tangent bundle of a manifold
are the foliations. In fact, a completely integrable distribution F on a manifold M
equiped with the bracket of vector fields is a Lie algebroid since τ|F : F → M is a
vector bundle and if F is a foliation, (Γ(F), [ , ]) is a Lie algebra. Moreover, it is easy
to prove that the inclusion F → TM is a Lie algebroid monomorphism.

In a similar way, if N is a submanifold of M and FN is a foliation on N then FN is a
Lie subalgebroid of TM →M .

ii. Lie algebra Let g be a Lie algebra and h be a Lie subalgebra. If we consider the Lie
algebroids induced by g and h over a point, then h is a Lie subalgebroid of g.

iii. Action Lie algebroid Let M × g → M be an action Lie algebroid and let N be a
submanifold of M . Let h be a Lie subalgebra of g such that the infinitesimal generators
of the elements of h are tangent to N , i.e,

h → X (N)
ξ → ξN

is well defined. Thus, it follows that the action Lie algebroid N × h → N is a Lie
subalgebroid of M × g→M .

iv. Atiyah algebroid Suppose that the Lie group G acts free and properly on M and
denote by π : M → M̂ = M/G the associated G-bundle. Let N be a G-invariant
submanifold of M and FN be a G-invariant foliation over N . We may consider the
vector bundle F̂N = FN/G→ N̂ = N/G and endow it with a Lie algebroid structure.
The sections of F̂N are

Γ(F̂N ) = {X ∈ X (N) | X is G-invariant and X(q) ∈ FN (q) ∀q ∈ N} .

Thus, the standard bracket of vector fields on N induces a Lie algebra structure on
Γ(F̂N ). The anchor map is the canonical inclusion of F̂N on TN̂ and F̂N is a Lie

subalgebroid of T̂M = TM/G→ M̂ = M/G.



1.3 A-tangent bundle of the dual bundle of a Lie algebroid

In this section we present some results of the A tangent bundle to A∗, A being a Lie algebroid
(for more details see [6]).

Let (τA, [[ , ]], ρ) be a Lie algebroid over M and consider the vector bundle over A∗ given
by

T AA∗ =
⋃
α∈A∗

TAα A
∗ =

⋃
α∈A∗

{(a, v) ∈ A× TαA∗ | ρ(a) = TατA∗(v)}

where τA∗ : A∗ → M is the canonical projection. T AA∗ is known as the prolongation of A
over τA∗ , or, in short, the A-tangent bundle to A∗. If we denote by τ1 : T AA∗ → A and
ρ1 : T AA∗ → TA∗ the projections on the first and the second factor respectively, then the
following square is commutative

T AA∗

τ1

��

ρ1 // TA∗

TτA∗
��

A ρ
// TM

We anticipate that ρ1 is the anchor that endows T AA∗ with a Lie algebroid structure.

If rank A = n, it is easy to see that T AA∗ is a vector bundle of rank 2n. Let (qi, yα) be
local coordinates on A∗ induced by a local basis of sections {eα}, then

ẽα = (eα ◦ τA∗ , ρiα
∂

∂qi
) ēα = (0,

∂

∂yα
) (1.22)

are a local basis of sections of Γ(T AA∗), where {eα} is the dual basis of {eα}. Thus, any
w ∈ T AA∗ is written as w = zαẽα(τ(w)) + vαēα(τ(w)) with τ : T AA∗ → A∗ the vector
bundle projection. We have local coordinates (qi, yα; zα, vα) on T AA∗ where (qi, yα) are the
coordinates on A∗ of τ(w).

Sections and lifts on the A-tangent bundle to A∗

We say that a section η ∈ Γ(T AA∗) is projectable if there exists a section X ∈ Γ(A) and
a vector field X̄ ∈ X (A∗) τA∗-projectable over ρ(X), such that η = (X ◦ τA∗ , X̄). The
following diagram illustrates the above situation.

A∗

X̄

%%

τA∗

��

η // T AA∗

τ1

��

ρ1 // TA∗

TτA∗
��

M
X

// A ρ
// TM

Using the vertical and complet lifts on A∗ one may define projectable sections of T AA∗.
Indeed, given a section α ∈ Γ(A∗) one may define its vertical lift on T AA∗ as the section
αv ∈ Γ(T AA∗) given by

αv = (0, αv). (1.23)



If α ∈ Γ(A∗), X ∈ Γ(A) and f ∈ C∞(M), we have

ρ1(αv)(f̃) = 0 ρ1(αv)(X̂) = α̃(X) (1.24)

Similarly, given a section X ∈ Γ(A), one may define its complete lift on T AA∗ as the
section X∗c ∈ Γ(T AA∗) given by

X∗c = (X ◦ τA∗ , X∗c). (1.25)

If X,Y ∈ Γ(A) and f ∈ C∞(M), we have

ρ1(X∗c)(f̃) = ρ̃(X)f ρ1(X∗c)(Ŷ ) = ̂[[X,Y ]] (1.26)

Let θ ∈ Γ(A∗) and X ∈ Γ(A) be sections such that in the previous local system of
coordinates are expressed as

θ = θαe
α X = Xαeα,

then,

θv = θαēα X∗c = Xαẽα −
(
ρiα
∂Xβ

∂qi
yβ + CγαβyγX

β

)
ēα

It enables us to ensure that given a local basis of sections Xi of Γ(A) and its dual basis
αi of Γ(A∗), their complete and vertical lifts are a local basis of Γ(T AA∗). In particular
there always exists a local basis of Γ(T AA∗) of projectable sections.

Lie algebroid structure of T AA∗

In order to turn T AA∗ into a Lie algebroid we have to define an anchor and a bracket of
sections such that the conditions in 1.7 hold. We have already mentioned that the projection
into the second member ρ1 : T AA∗ → TA∗ will be the anchor of T AA∗. Futhermore, since
there always exists a local basis of Γ(T AA∗) of projectable sections, it is enough to define
the bracket for such sections. Given two projectable sections (X, X̄), (Y, Ȳ ) ∈ Γ(T AA∗), we
define

[[(X, X̄), (Y, Ȳ )]]T AA∗ = ([[X,Y ]], [X̄, Ȳ ]). (1.27)

Remark that [[ , ]]T AA∗ is well defined and endows Γ(T AA∗) with a Lie algebra structure.
Indeed,

ρ([[X,Y ]]) = [ρ(X), ρ(Y )] = [TτA∗(X̄), T τA∗(Ȳ )] = TτA∗ [X̄, Ȳ ]

proves that is well defined and from the properties of [[ , ]] and [ , ] it follows that
(Γ(T AA∗), [[ , ]]T AA∗) is a Lie algebra. In addition, from (1.21) we deduce that

[[X∗c, Y ∗c]]T AA∗ = [[X,Y ]]∗c [[X∗c, αv]]T AA∗ = (LAXα)v [[αv, βv]]T AA∗ = 0 (1.28)

for X,Y ∈ Γ(A) and α, β ∈ Γ(A∗)

Now, let us see that ρ1 is a Lie algebra homomorphism and verifies the compatibility
condition. On the one hand, if f ∈ C∞(M) and (X, X̄), (Y, Ȳ ) ∈ Γ(T AA∗) are projectable
sections

[[(X, X̄), f(Y, Ȳ )]]T AA∗ =([[X, fY ]]A, [X̄, f̃ Ȳ ])

= (f [[X,Y ]]A + ρ(X)(f)Y, f̃ [X̄, Ȳ ] + TτA∗X̄(f)Ȳ )

= f [[(X, X̄), (Y, Ȳ )]]T AA∗ + ρ1((X, X̄))(f)(Y, Ȳ )



On the other hand,

ρ1([[(X, X̄), (Y, Ȳ )]]T AA∗) = [X̄, Ȳ ] = [ρ1((X, X̄)), ρ1((Y, Ȳ ))]

proves that ρ1 defines an anchor map on T AA∗.

If {ẽα, ēα} are the local basis of Γ(T AA∗) given in (1.22) it follows easily

ρ1(ẽα) = ρiα
∂

∂qi
ρ1(ēα) =

∂

∂yα
(1.29)

and

[[ẽα, ẽβ]]T AA∗ = Cγαβ ẽγ [[ẽα, ēβ]]T AA∗ = 0 [[ēα, ēβ]]T AA∗ = 0 (1.30)

where ρiα and Cγαβ are the structure functions of A. Thus,

dT
AA∗f = ρiα

∂f

∂qi
ẽα +

∂f

∂yα
ēα dT

AA∗ ẽγ = −1

2
Cγαβ ẽ

α ∧ ẽβ dT
AA∗ ēγ = 0 (1.31)

for f ∈ C∞(A∗) and {ẽα, ēα} the dual basis of {ẽα, ēα} .

Examples 1.13. i. Tangent bundle In the case of A = TM one may identify T AA∗
with T (T ∗M) with the standard Lie algebroid structure.

ii. Lie algebra Let g be a real Lie algebra of finite dimension. Then, g is a Lie algebroid
over a single point M = {q}. Moreover, using that the anchor map of g is zero, it
is easy to prove that T gg∗ may be identificate with the trivial vector bundle pr1 :
g∗ × (g× g∗)→ g∗. Under this identification the anchor map is given by

ρ1 : g∗ × (g× g∗) → Tg∗ ∼= g∗ × g∗

(µ, (ξ, α)) → (µ, α)

and the Lie bracket of two constant sections (ξ, α), (η, β) ∈ g× g∗ is

[[(ξ, α), (η, β)]]T gg∗ = ([ξ, η], 0).

iii. Action Lie Algebroid Let A = M × g→M be an action Lie algebroid over M . If
(q, µ) ∈M × g∗ it follows that

T A(q,µ)A
∗ = {((q, η), (Xq, α)) ∈M × g× TqM × g∗ | − ηM (q) = Xq} ∼= g× g∗.

Then, T AA∗ may be identified with the trivial vector bundle (M × g∗)× (g× g∗)→
M × g∗. Under this identification, the anchor map ρ1 : (M × g∗) × (g × g∗) →
TM × Tg∗ ∼= TM × (g∗ × g∗) is given by

ρ1((q, µ)(ξ, α)) = (−ξM (q), µ, α).

Moreover, the Lie bracket of two constant sections (ξ, α), (η, β) ∈ g× g∗ is

[[(ξ, α), (η, β)]]T AA∗ = ([ξ, η], 0).



iv. Atiyah algebroid Let us describe the A-tangent bundle to A∗ in the case of A being
an Atiyah algebroid induced by a trivial principal G-bundle π : G ×M → M . In
such case, by left trivialization we have that the Atiyah algebroid is the vector bundle
τ : g × TM → M . Thus, if X ∈ X (M) and ξ ∈ g then we may consider the sections
Xξ : M → g × TM of the Atiyah algebroid given by Xξ(q) = (ξ,X(q)), for q ∈ M .
Moreover, if ([[ , ]], ρ) is the Lie algebroid structure on the Atiyah algebroid, we have
that,

[[Xξ, Y η]] = ([X,Y ]TM , [ξ, η]g) = [X,Y ][ξ,η]

and ρ(Xξ) = X. On the other hand, if (µ, βq) ∈ g∗ × T ∗qM then the fiber of T AA∗
over (µ, βq) is

T A(µ,βq)A
∗ =

{(
(η, uq), (α,Xβq)

)
∈ g× TqM × g∗ × Tβq(T ∗M) | uq = Tβqτ(Xβq)

}
.

This implies that T A(µ,βq)A
∗ may be identified with the vector space (g×g∗)×Tβq(T ∗M).

Thus, the Lie algebroid T AA∗ may be identified with the vector bundle g∗×(g×g∗)×
T (T ∗M)→ g∗ × T ∗M whose vector bundle projection is

(µ, ((ξ, α), Xβq))→ (µ, βq)

for (µ, ((ξ, α), Xβq)) ∈ g∗ × (g × g∗) × T (T ∗M). Therefore, if (ξ, α) ∈ g × g∗ and
X ∈ X (T ∗M) then one may consider the section ((ξ, α), X) given by

((ξ, α), X)(µ, βq) = (µ, ((ξ, α), X(βq))), for (µ, βq) ∈ g∗ × T ∗qM.

Moreover,
[[((ξ, α), X), ((η, β), Y )]] = (([ξ, η], 0), [X,Y ])

and the anchor map ρ1 : g∗ × (g× g∗)× T (T ∗M)→ g∗ × g∗ × T (T ∗M) is defined as

ρ1(µ, ((ξ, α), X)) = ((µ, α), X)

Remark 1.14. We saw that in the case of A being the tangent bundle to a manifold M , the
A-tangent bundle to A∗ coincides with T (T ∗M). Nevertheless, it is also true that T (TM)
admits a Lie algebroid structure. In fact, generally, given a Lie algebroid A, one may define
the prolongation of the Lie algebroid over the projection τA in the very same way we did
for τA∗ ,

T AA = {(a, v) ∈ A× TA | ρ(a) = TτA(v)}

T AA is known as the A-tangent bundle to A and can be also endowed with a Lie algebroid
structure. For more details on such a construction we remit the reader to [15].

The construction of the A-tangent bundle to A and A∗ are just particular cases of the
more general theory of prolongation of a Lie algebroid over a fibration than can be found
in [6], [11].

Symplectic section of T AA∗

As we know, if A is the standard Lie algebroid τM : TM →M , then the A-tangent bundle
to A∗ is just the standard Lie algebroid τT ∗M : T (T ∗M) → T ∗M . It is well known that
T (T ∗M) admits a symplectic vector bundle structure that inherits from the symplectic
structure of T ∗M . We are going to see that such a structure that T (T ∗M) has in a natural
way is not an special case, but T AA∗ can be always endowed with a symplectic vector
bundle structure with a procedure similar to that used for T (T ∗M).



Definition 1.15. The Liouville section of the A-tangent bundle to A∗, T AA∗, is the section
λ defined as

λ(α)(X) = α(τ1(X)), ∀α ∈ A∗ and X ∈ T AA∗

Notice that for every X ∈ Γ(A) and a∗ ∈ A∗,

λ(X∗c)(a∗) = a∗(τ1(X∗c(a∗))) = a∗(X(τA∗(a
∗))) = X̂(a∗) (1.32)

so, λ(X∗c) = X̂. Likewise, it is easy to see that for every α ∈ Γ(A∗),

λ(αv) = 0. (1.33)

Now, in an analogous way that the canonical symplectic form is defined from the Liouville
1-form on the cotangent bundle, we introduce the 2-section Ω on T AA∗ as

Ω = −dT AA∗λ (1.34)

which is symplectic as proves the following result.

Proposition 1.16. [5] Ω is a non-degegnerated 2-section of T AA∗ such that dT
AA∗Ω = 0.

Proof. It is enough to notice that if {ẽα, ēα} denotes the dual basis of {ẽα, ēα} induced by
the local coordinates (qi, yα) described in (1.22), then

λ(qi, yα) = yαẽ
α

so that,

Ω = ẽα ∧ ēα +
1

2
Cγαβ ẽ

α ∧ ẽβ.

Now, it is straightforward to check that Ω is non-degegnerated and dT
AA∗Ω = 0.

From (1.34),(1.32) and (1.33) we have that

Ω(X∗c, Y ∗c) = −̂[[X,Y ]] Ω(X∗c, αv) = α̃(X) Ω(αv, βv) = 0 (1.35)

for X,Y ∈ Γ(A) and α, β ∈ Γ(A∗).
In the same way that the canonical symplectic structure of the cotangent bundle allows

us to define Hamiltonian vector fields, the symplectic section we just defined allows us to
define Hamiltonian sections of T AA∗. Indeed, let f : A∗ → R be a Hamiltonian function,
then, since Ω is non-degegnerated, there exists a unique section Hf verifying

iHfΩ = dT
AA∗f. (1.36)

If X,Y ∈ Γ(A) and α ∈ Γ(A∗) then, from (1.24), (1.26) and (1.35) it follows that

Ω(HX̂ , Y
∗c) = dT

AA∗X̂(Y ∗c) = ρ1(Y ∗c)X̂ = −̂[[X,Y ]]

Ω(HX̂ , α
v) = dT

AA∗X̂(αv) = ρ1(αv)X̂ = α̃(X).

Hence, HX̂ = X∗c. Likewise one proves that Hf̃ = (−dAf)v.



Once we have the expression of the Hamiltonian sections of the basic and linear functions
on A∗ it is posible to recover the linear Poisson structure of A∗ from the symplectic section
in T AA∗. Indeed, using (1.35) and (1.16), we conclude that

{f, g} = Ω(Hf ,Hg) (1.37)

In the local basis of sections {ẽα, ēα} of Γ(T AA∗) we have that the local expression of
the Hamiltonian sections is

Hf =
∂f

∂yα
ẽα +

(
Cγαβ

∂f

∂yβ
+ ρiα

∂f

∂qi

)
ēα.

Thus, the vector field ρ1(Hf ) is

ρ1(Hf ) = ρiα
∂f

∂yα

∂

∂qi
+

(
Cγαβ

∂f

∂yβ
+ ρiα

∂f

∂qi

)
∂

∂yα

that is, the Hamiltonian vector field Xf associated to f with respect to the linear Poisson
structure of A∗.

Example 1.17. Next we obtain explicit expressions of the symplectic section of the A-
tangent bundle to A∗ when A is an action Lie algebroid or an Atyiah algebroid. The other
examples are just particular cases.

i. Action Lie algebroid Let A = g ×M → M be an action Lie algebroid and λ be
the Liouville section of T AA∗ ∼= (M × g∗)× (g× g∗). Then, for (q, µ) ∈ M × g∗ and
(η, α) ∈ g× g∗,

λ(q, µ)(η, α) = µ(η).

Thus, the symplectic section Ω is

Ω(q, µ) ((η, α), (ν, β)) = −
(
−ρ1(η, α)λ(ν, β)(q, µ)

+ρ1(ν, β)λ(η, α)(q, µ)− λ([η, ν], 0)(q, µ)
)

= α(ν)− β(η) + µ([η, ν]).

ii. Atiyah algebroid Let A = g × TM → M be an Atiyah algebroid and λ be the
Liouville section of T AA∗ ∼= g∗ × (g× g∗)× T (T ∗M)→ g∗ × T ∗M . Then,

λ(µ, βq)((η, α), X) = µ(η) + βq(Tπ(X))

for (µ, βq) ∈ g∗ × T ∗qM and ((η, α), X) ∈ T A(µ,βq)A
∗.

Remark that λ = λg∗ + λM where λg∗ is the Liouville section of the algebroid g and
λM is the Liouville 1-form of the cotangent bundle of M . Hence,

Ω = −dT AA∗λg∗ − dT
AA∗λM = Ωg∗ + ω (1.38)

Remark 1.18. [Mechanics on Lie Algebroids] The Hamiltonian formalism on Classical
Mechanics is developed on the cotagent bundle of a manifold, as well as, the Lagrangian
formalism is developed on the tangent bundle. As we have seen, in the context of Lie
algebroids the A-tangent bundle to A∗ plays the role of T (T ∗M) and the A-tangent bundle



to A plays the role of T (TM). Nevertheless, the parallelism is even larger as it is also possible
to develop the Hamiltonian and Lagrangian formalism in T AA∗ and T AA respectively.

On the one hand, we defined the symplectic section of T AA∗ and we introduced the
Hamiltonian sections. It allows us to give a Hamiltoninan description of the mechanics as it
is done in [6]. On the other hand, as it is done in [15] one can work on the A-tangent bundle
to A, to introduce the Liouville section and the vertical endomorphism and to develop the
Lagrangian formalism. Further, in [6] the authors define a Legendre transformation that
links both formalisms.



Chapter 2

Lagrangian and coisotropic
calculus in symplectic and Poisson
geometry

This chapter is dedicated to motivate and understand the object of study of this master the-
sis. We first recall the definitions of an isotropic (respectively, coisotropic and Lagrangian)
submanifolds of a symplectic manifold and give some basic properties in order to under-
stand the following results. We turn then to study the local structure of the Lagrangian
submanifolds of cotangent bundle which are fibered over a submanifold of the basis. This
is a known result that can be found in [10] for example, which will be our starting point to
describe the local structure of the Lagrangian Lie subalgebroids of the A∗-tangent bundle.

In the second part of the chapter we redefine the notion of a coisotropic submanifold of a
Poisson manifold and we apply this theory to the particular case when the Poisson manifold
is the dual bundle to a Lie algebroid. We end up by proving a first result on Lagrangian
Lie subalgebroids which states that the base manifold of every Lagrangian Lie subalgebroid
of the A-tangent bundle to A∗ is coisotropic in A∗.

2.1 Lagrangian calculus in symplectic geometry

Recall that a symplectic manifold is a pair (M,ω), where M is a smooth manifold and ω is
2-form which is closed and non-degenerate, or, equivalently, the morphism of vector bundles
[ω : TM → T ∗M induced by ω,

[ω(v) = ivω(x) if v ∈ TxM

is an isomorphism. By abuse of notation we denote again by [ω : X (M) → Ω1(M) the
corresponding isomorphism of C∞(M)-modules. As we know, the Hamiltonian vector field
Xf associated with a real C∞-function f is given by [ω(Xf ) = df .

Given two symplectic manifolds (M1, ω1) and (M2, ω2) we say that a diffeomorphism
f : M1 → M2 is a symplectomorphism if f∗ω2 = ω1. In particular, the cotangent lift of
a diffeomorphism is always a symplectomorphism. We remark that if f : M1 → M2 is a
symplectomorphism and we consider the non-degenerate Poisson structures on M1 and M2

then f is a Poisson isomorphism (see Section 1.1).
Likewise, a vector field is said to be a symplectic vector field if its flow consists on local

symplectomorphisms. Another usual characterizations of a symplectic vector field X are



i. LXω = 0.

ii. d([ω(X)) = 0.

In particular, any Hamiltonian vector field is a symplectic vector field and it is clear that
symplectic vector fields are Poisson vector fields.

Symplectic vector spaces

One of the goals of this first part is to overcome to the definitions of isotropic, coisotropic
and Lagrangian submanifolds of a symplectic manifold. While the notion of symplectic
manifold is well known, it can not be said the same, in general, about the other concepts,
so we need to introduce them carefully.

Recall that the notion of a symplectic manifold is a generalization of the definition of a
symplectic vector space, which roughly speaking, ”glue” symplectic vector spaces togheter
in a bundle. The submanifolds of a symplectic manifold we want to study are constructed in
a similar way, so that, it is necessary to start with the definition of an isotropic (respectively,
coisotropic and Lagrangian) subspace of a symplectic vector space.

Definition 2.1. A symplectic structure on a vector space V is a 2-form ω : V × V → R
on V which is non-degegnerated.

If ω is a symplectic structure on V , then dimV = 2n and ωn = ω∧ n· · · ∧ω 6= 0, or
equivalently, the linear map [ω : V → V ∗ defined by

[ω(u)(v) = ω(u, v), for u, v ∈ V

is an isomorphism.

Definition 2.2. Let W be a subspace of a symplectic vector space (V, ω). Then, the sym-
plectic othogonal W⊥ of W is the subspace of V given by

W⊥ = {x ∈ V | ω(x, y) = 0 ∀y ∈W} .

Some useful properties of the orthogonal are listed below.

Proposition 2.3. i. (W⊥)⊥ = W .

ii. dimW + dimW⊥ = dimV .

iii. [(W ) = (W⊥)0 and [(W⊥) = W 0.

iv. W1 ⊂W2 ⇒W⊥1 ⊃W⊥2 .

v. (W1 ∩W2)⊥ = W⊥1 +W⊥2 .

Denote by ωW the 2-form induced by ω on the vector subspace W . In general, ωW is
not symplectic anymore and it has kernel,

kerωW = {x ∈W | [ω(x) = 0} = W ∩W⊥

Definition 2.4. A vector subspace W of a symplectic vector space (V, ω) is said to be



i. isotropic if ωW = 0, i.e, W ⊂W⊥.

ii. coisotropic if ωW⊥ = 0, i.e, W⊥ ⊂W .

iii. Lagrangian if W = W⊥.

iv. symplectic if W ∩W⊥ = {0}.

We remark that a Lagrangian subspace is isotropic and coisotropic at the same time.

Suppose that dimV = 2n and dimW = s, then the following equality holds

rank [W − rank [W⊥ = 2(s− n),

where [W and [W⊥ are the restrictions of [ω to W and W⊥, respectively. Using this relation,
we deduce,

Proposition 2.5. i. If W is isotropic, then s < n

ii. If W is coisotropic, then s > n

iii. If W is Lagrangian, then s = n

iv. If W is isotropic and V ⊂W is a vector subspace, then V is isotropic.

v. If W is coisotropic and V is a vector space such that W ⊂ V , then V is coisotropic.

Special submanifolds of a symplectic manifold

Now the idea is to take advantatge from the previous definitions and give the notion of an
isotropic, coisotropic and Lagrangian submanifold.

As above, given a submanifold N
i
↪→ M of a symplectic manifold (M,ω), we denote by

ωN = i∗ω the 2-form induced by ω in N , which in general is degenerate. If its kernel

DN = kerωN = TN ∩ T⊥N

has constant rank, then it defines a completely integrable distribution on N . In fact, since
ωN is a closed form, the result follows.

Definition 2.6. Let N be a submanifold of the symplectic manifold (M,ω). N is said to
be isotropic (resp. coisotropic, Lagrangian) at a point q ∈ N if TqN is an isotropic (resp.
coisotropic, Lagrangian) subspace of (TqM,ω(q)) in the sense defined in 2.4.
We say that N is an isotropic submanifold (resp. coisotropic, Lagrangian) if it is isotropic
(resp. coisotropic Lagrangian) at every point.

From this definition it is obvious that the relations 2.5 are still satisfied.

2.1.1 Local structure of Lagrangian submanifolds on the cotangent bun-
dle

Below we summarize the most relevant and known results on the local structure of La-
grangian submanifolds on cotangent bundles fibered over a submanifold of the basis (see
[10] for more details).



As it is already known, the cotangent bundle of a manifold M is a symplectic manifold
equiped with the 2-form ω = −dλ, where λ is the Liouville 1-form, that is, the unique
1-form satisfying β∗λ = β, for any 1-form β ∈ Ω1(M). If (q1, · · · , qm) are local coordinates
on M and, (q1, · · · , qm, p1, · · · , pm) are the induced coordinates on T ∗M , one has that

ω = dqi ∧ dpi

The first example of a Lagrangian submanifold of the cotangent bundle fibered over the
base manifold is given by the following result.

Proposition 2.7. Let β be a 1-form defined over a manifold M . β(M) is a Lagrangian
submanifold of T ∗M if, and only if, β is closed.

Proof. Of course, β is an injective immersion and dimβ(M) = 1
2 dimT ∗M . Thus, it is

enough to see that β(M) is isotropic if, and only if, β is closed. Indeed, if ω = −dλ denotes
the canonical symplectic structure of T ∗M , then,

ωβ(M) = β∗ω = −dβ∗λ = −dβ.

Using this relation we deduce the result.

Now, let us study a very important set of Lagrangian submanifolds of the cotangent
bundle T ∗M . Suppose that N is a submanifold of M and F ∈ C∞(N) is a smooth function
on N . If πM is the canonical projection of T ∗M on M and j denotes the projection
j : T ∗NM → T ∗N , we define

L = j−1(dF (N)) = {α ∈ T ∗M | πM (α) = q ∈ N, α(v) = dF (v) ∀v ∈ TqN} . (2.1)

With this definition, L is a Lagrangian submanifold of T ∗M . Indeed, choose adapted
coordinates to N in such way that (q1, · · · , qm, p1, · · · pm) are local coordinates on T ∗M
and (q1, · · · , qn) are coordinates on N with n ≤ m. Then, the local expression of L is

L =

{
(q1, · · · , qm, p1, · · · pm) | qn+i = 0, pj =

∂F

∂qj
for i = 1, · · · ,m− n, j = 1, · · · , n

}
.

Thus, it follows that dimL = 1
2 dimT ∗M . Moreover, taking into account the local ex-

pression of the canonical symplectic structure ω of the cotangent bundle it is obvious that
ωN = 0. In other words, since L is isotropic and its dimension is a half of the dimension of
the ambient space, L is Lagrangian. It is noteworthy that this result could also be obtained
intrinsically as it is done in [10], but the proof is long and we prefer to omit it here.

The importance of this example lies in the fact that every Lagrangian submanifold of
the cotangent bundle fibered over a submanifold of the basis can be described locally by
this procedure.

Theorem 2.8. [Local structure of fibered Lagrangian submanifolds on the cotangent bun-
dle] Let L be a Lagrangian submanifold of T ∗M which is fibered over a submanifold N of
M and j : T ∗NM → T ∗N be the projection. Then, for every ξ ∈ L, there exists an open
neighbourhood V and a function F ∈ C∞(N) such that V is an open subset of j−1(dF (N)):
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Proof. Using that L is fibered over N , we deduce that L is a submanifold of T ∗NM . Hence,
if α ∈ L

TαL ⊂ Tα(T ∗NM) ⇒ T⊥α (T ∗NM) ⊂ T⊥α L = TαL

Thus, from Proposition 2.5 it follows that that T ∗NM is coisotropic in T ∗M .
Denote by λM and λN the Liouville 1-forms on T ∗M and T ∗N respectively and by i the
inclusion of T ∗NM into T ∗M . For every α ∈ T ∗NM and every v ∈ Tα(T ∗NM) one has,

j∗λN (α)(v) = λN (j(α))(Tαj(v)) = j(α)(Tα(πN ◦ j)(v))

= j(α)(TαπM (v)) = α(TαπM (v)) = λM (α)(v)

= i∗λM (α)(v)

where we have used the commutativity of the following diagram:

T ∗NM
j //

πM ""

T ∗N

πN}}
N

(2.2)

Hence, i∗ωM = j∗ωN .
Now, denote by ω̂ = j∗ωN the 2-form induced by j on T ∗NM . As ω̂|(T ∗NM)⊥ = 0 because
T ∗NM is coisotropic, from the non degeneracy of ωN we conclude,

v ∈ T⊥α (T ∗NM) ⇒ [ω̂(v) = 0 ⇒ [j∗ωN (v) = [ωN (Tαj(v)) = 0 ⇒ v ∈ kerTαj

Furthermore, if we set dimM = m and dimN = n, then, using that j is a surjective
submersion it follows that

dim(kerTαj) = dimTα(T ∗NM)− dimTj(α)(T
∗N) = m− n

dimT⊥α (T ∗NM) = dimTα(T ∗M)− dimTα(T ∗NM) = m− n

so that, kerTαj = T⊥α (T ∗NM) ⊂ TαL. Thus, if jL is the restriction of j to L, we have that

rank jL = dimTαL− dim kerTαj = dimN

i.e, j has constant rank. Therefore, we can choose an open subset V of L such that ξ ∈ V
and jL(V ) is a n-dimensional submanifold of T ∗N .
In addition, jL(V ) is a Lagrangian submanifold of T ∗N . First, remark that j is defined as

j(α)(v) = α(v), ∀α ∈ T ∗qM,π(α) = q ∈ N and ∀v ∈ TqN.



Thus, since i∗ωM = j∗ωN and L is Lagrangian on T ∗M , we have that j∗LωN = 0, so that,
jL(V ) is Lagrangian on (T ∗N,ωN ).
Also, since πM |L : L→ N is a fibration, we have that jL(V ) is fibered on N . Now, using that
dim jL(V ) = n, it folllows that πN |jL(V ) : jL(V )→ N is a local diffeomorphism. Restricting
V if necessary, we can obtain that jL(V ) intersects each fiber of T ∗N transversally at a
unique point and we can define a 1-form β on N such that

β(N) = jL(V ).

Finally, by Proposition 2.7 we conclude that β is closed and by Poincaré Lemma there exists
a function F ∈ C∞(N) such that β = dF locally. Restricting V more if necesary, we obtain

V ⊂ j−1(dF (N))

Using Theorem 2.8, we deduce the following result.

Corollary 2.9. Let L be a Lagrangian submanifold of T ∗M which is fibered over a sub-
manifold N of M . Then, L is locally an affine subbundle of πM : T ∗M →M .

2.2 Lagrangian calculus in Poisson geometry

Let (M,ω) be a symplectic manifold and [ω : TM → T ∗M be the vector bundle isomorphism
induced by the symplectic structure ω. Denote by w the Poisson 2-vector associated with w
and by #w : T ∗M → TM the corresponding vector bundle morphism. Then, as we know,

#w = −[−1
ω .

On the other hand, if N is a submanifold of M then, using Proposition 2.3, it follows
that

T⊥q N = #w((TqN)0).

This result suggest us to introduce, in a natural way, the definition of the Poisson orthogonal
of a submanifold N of a Poisson manifold as an extension of the notion of the symplectic
orthogonal.

Coisotropic submanifolds of a Poisson manifold

In this section we recall the definition of a coisotropic submanifold of a Poisson manifold.
For this purpose, we use the notion of the Poisson orthogonal of a submanifold of a Poisson
manifold (for more details see [21]).

LetM be a Poisson manifold andN be a submanifold ofM . Denote by #w : T ∗M → TM
the vector bundle morphism induced by the Poisson 2-vector w of M .

If q ∈ N is a point, then, the Poisson orthogonal of N at the point q is the vector space
of TqM defined by

#w((TqN)0).

Thus, the submanifold N is said to be coisotropic if

#w((TqN)0) ⊂ TqN for all q ∈ N.



Coisotropic manifolds play the same role in the Poisson setting than Lagrangian sub-
manifolds in the symplectic setting (see [21]).

We have the following useful result that gives different characterizations of the coisotropic
submanifolds.

Proposition 2.10. [21] Let C be a submanifold of a Poisson manifold M. The following
statements are equivalent:

i. C is coisotropic

ii. w(α, β) = 0 for every α, β ∈ T 0C.

iii. For every couple of functions f, g ∈ C∞(M) such that f|C , and g|C are constant, then
{f, g}|C = 0.

iv. For every q ∈ N , TqN ∩#w(T ∗qM) is a coisotropic subspace of the symplectic vector
space #w(T ∗qM).

Finally, let us see that if N is a coisotropic submanifold of a Poisson manifold M , the
the characteristic distribution

q ∈ N → DN (q) = #w((TqN)0) ⊂ TqN

is completely integrable. In fact, suppose that {fi}i=1,···n is a set of local C∞-functions on
an open subset U of M such that

N ∩ U = {q ∈M | fi(q) = 0, i = 1, · · · , n}

and {dfi}i=1,···n are linearly independent 1-forms at q, for every q ∈ U . Then,

T 0
qN = 〈dfi(q)〉 DN (q) = 〈Xfi(q)〉

Thus, DN is locally finitely generated. Moreover, for any fi, fj ,

{fi, fj} = w(dfi, dfj) = Xfj (fi) = 0.

Hence, from (1.4),
[Xfi , Xfj ] = −X{fi,fj} = 0, ∀fi, fj ∈ C∞(M)

and the characteristic distribution is completely integrable.

2.2.1 Lagrangian Lie subalgebroids in the symplectic Lie algebroid T AA∗

We finish this chapter giving a first result on Lagrangian subbundles of T AA∗ which will
provide us with some ideas about the local structure of the Lagrangian Lie subalgebroids
of T AA∗.

We remark that a vector subbundle L of T AA∗ over a submanifold C of A∗ is said to
be Lagrangian if Lα is a Lagrangian subspace of the symplectic vector space (T Aα A∗,Ω(α)),
for all α ∈ C.

Proposition 2.11. Let (τA, [[ , ]], ρ) be a Lie algebroid and L be a Lagrangian subbundle of
T AA∗ over C, such that ρ1(L) ⊂ TC. Then, C is coisotropic on A∗.



Proof. It is enough to prove that the Hamiltonian vector field Xf on TA∗ associated with
every smooth function f such that df ∈ T 0C belongs to TC.

Given a function f such that df ∈ T 0C, consider its Hamiltonian section Hf on T AA∗.
For every X ∈ Γ(L) we have

Ω(Hf , X) = dT
AA∗f(X) = ρ1(X)(f) = 0

because ρ1(L) ⊂ TC. Thus, Hf ∈ Γ(L⊥) = Γ(L) and ρ1(Hf ) = Xf ∈ TC.

Remark 2.12. Notice that in the particular case of L being not a subbundle, but a Lie
subalgebroid over C the condition ρ1(L) ⊂ TC is trivially satisfied and the previous result
is valid.

In view of the previous result, the first step to give a local description of the Lagrangian
Lie subalgebroids is to study the local structure of the coisotropic submanifolds of the dual
bundle of a Lie algebroid. As well, given that Theorem 2.8 proved that every Lagrangian
submanifold is locally affine, and we want to generalize such result, we will focus on the
study of the coisotropic affine subbundles of linear Poisson manifolds. This is the purpose
of the next chapter.



Chapter 3

Coisotropic affine subbundles of
linear Poisson structures

In the previous chaper we have proved that the base space of a Lagrangian Lie subalgebroid
of the A-tangent bundle to A∗ is a coisotropic submanifold of A∗. That is why this chapter
focus on the study of coisotropic submanifolds on the dual bundle of a Lie algebroid. As
we justified on the previous chapter, in this project we focus only on the study of the affine
coisotropic subbundles of A∗ (see Theorem 2.8). The general case in which the submanifold
is not an affine subbundle is left for a further work.

We begin the chapter by describing a particular model of a coisotropic affine subbundle
of A∗. The aim of the chapter is to prove that every affine coisotropic subbundle of A∗ is
given locally by the same model.

First we study them in the particular case when the Lie algebroid A is the tangent bundle
of a manifold. In such case, as it is already known, we replace the Poisson structure of the
dual bundle by a symplectic structure. This fact provides us a first simplified aproximation
by assuming no degenerations on the Poisson structure.

Finally, taking advantatge of the obtained results on the cotangent bundle, we give a
general description for the dual bundle A∗ of an arbitrary Lie algebroid A, emphasizing the
most important differences that arises when the Poisson structure admits degenerations.

We begin this section by giving a version of Proposition 2.7 adapted to the context of
Lie algebroids. In the same way as Proposition 2.7 gave the first example of a Lagrangian
submanifold of the cotangent bundle, the next result gives the first example of a coisotropic
submanifold of the dual bundle to a Lie algebroid.

Proposition 3.1. Let (τA, [[ , ]], ρ) be a Lie algebroid over M and φ ∈ Γ(A∗). Then,

φ(M) is coisotropic submanifold of A∗ ⇔ dAφ = 0

Proof. First of all notice that

φ(M) =
{
α ∈ A∗ | X̂(α)− φ(X) (τA∗(α)) = 0 ∀X ∈ Γ(A)

}
which implies that

T 0 (φ(M)) =
〈
d(X̂ − φ(X) ◦ τA∗) | X ∈ Γ(A)

〉



Then, using (1.24), the following equality proves the result

#(d(X̂ − φ(X) ◦ τA∗), d(Ŷ − φ(Y ) ◦ τA∗)) =
{
X̂, Ŷ

}
−
{
φ(X) ◦ τA∗ , Ŷ

}
+
{
φ(Y ) ◦ τA∗ , X̂

}
+ {φ(X) ◦ τA∗ , φ(Y ) ◦ τA∗}

= −̂[[X,Y ]]− ρ(Y )φ(X) ◦ τA∗ + ρ(X)φ(Y ) ◦ τA∗

= −̂[[X,Y ]] + dAφ(X,Y ) + φ([[X,Y ]]) ◦ τA∗
= dAφ(X,Y ).

Next we extend the previous result with the following theorem.

Theorem 3.2. Let (τA, [[ , ]], ρ) be a Lie algebroid over M and B be a Lie subalgebroid over
a submanifold N of M . Suppose that φ : N → B∗ is a 1-cocycle in the Lie subalgebroid
B → N . Then,

C(B,φ) =
{
α ∈ A∗ | α|B(τA∗ (α)) = φ(τA∗(α)), τA∗(α) ∈ N

}
.

is a coisotropic affine subbundle of the Linear Poisson manifold A∗.

Proof. Let (qi, qa) be local coordinates on an open subset U of M such that

N ∩ U =
{

(qi, qa) ∈ U | qa = 0 ∀a
}
.

Now suppose that {eα} is a local basis of Γ(B) on the open subset N ∩ U and that eγ =
{ẽα, ẽθ} is a local basis of Γ(A) such that

ẽα|N∩U = eα, for all α.

Denote by (qA, yγ) = (qi, qa, yα, yθ) the induced coordinates in A∗ on τ−1
A∗ (U) and by

(ρAγ , C
γ′′

γγ′) the corresponding local structure functions of A. Then, using that B is a Lie
subalgebroid of A we deduce that,

ρaα(qi, 0) = 0, Cθα,α′(q
i, 0) = 0.

On the other hand, if
{
ẽα, ẽθ

}
is the dual basis of {ẽα, ẽθ}, and

φ(qi, 0) = φα(qi, 0)ẽα(qi, 0)

then, since φ is a 1-cocycle, it follows that

ρiα
∂φα′

∂qi
+ ρiα′

∂φα
∂qi
− Cα′′αα′φα′′ = 0.

Now, from the definition of C(B,φ), we have that

C(B,φ) ∩ τ−1
A∗ (U) =

{
(qi, qa, yα, yθ) ∈ A∗ | qa = 0, and yα = φ(qi, 0)

}
.

This implies that

T 0C(B,φ) =

〈
dqa, dyα −

∂φα
∂qi

dqi
〉
.



Thus, from (1.18) we conclude that

#w(T 0C(B,φ)) ⊂ TC(B,φ)

and, therefore, C(B,φ) is coisotropic submanifold of A∗. Finally, it is clear that C(B,φ) is
an affine subbundle of A∗.

From Theorem 3.2, we deduce the following result.

Corollary 3.3. [22] Let (τA, [[ , ]], ρ) be a Lie algebroid over M and B be a Lie subalgebroid
over a submanifold N of M . Then, the annihilator B0 of B is a coisotropic vector subbundle
of the linear Poisson manifold A∗.

3.1 Coisotropic affine submanifolds on cotangent bundles

Let M be a smooth manifold, FN be a foliation on a submanifold N of M and φ : N → F∗N
be a 1-cocycle on FN . Note that FN is a Lie subalgebroid of the standard Lie algebroid
TM →M and, thus, one may consider the coisotropic submanifold of T ∗M given by

C(FN , φ) =
{
α ∈ T ∗M | πM (α) ∈ N, and α|FN (πM (α)) = φ(πM (α))

}
where πM : T ∗M →M is the canonical projection. In this section, our aim is to prove that
any affine coisotropic submanifold C of the cotangent bundle T ∗M can be described locally
by this procedure. To do so, we will use the following result.

Proposition 3.4. Let (τA, [[ , ]], ρ) be a Lie algebroid over M and C be an affine coisotropic
subbundle of A∗ over a submanifold N . Then, the characteristic distribution D of C is τA∗-
projectable.

Proof. We recall that the characteristic distribution DC of C is given by

DC = #(T 0C) =
〈
Xf |C | f ∈ C

∞(A∗) and df|C ∈ T 0C
〉
.

Thus, it is enough to prove that #(dfi) are τA∗-projectable for some fi such that dfi span
T 0C. Equivalently, we have to show that for every basic function g̃ ∈ C∞(A∗), Xfi(g̃) is
again a basic function.
Now assume that C is modelled over a vector subbundle V over N . Then, it is easy to see
that,

T 0C =
〈
dX̂, dh̃ | X ∈ Γ(V 0) and h ∈ C∞(M), h|N = 0

〉
.

From (1.16), we have that XX̂(g̃) and Xh̃(g̃) are basic functions.

Suppose that C is a coisotropic submanifold of the cotangent bundle of a manifold M .
Assume that dimM = m, dimC = m + s, with s ≤ m and that DC = T⊥C is the
characteristic distribution of C. Then,

rankDC(α) = dimT⊥α C = 2m− (m+ s) = m− s, for α ∈ C. (3.1)

If C is affine and fibered over M , from Proposition 3.4 there exists a distribution F over
M given by,

F(q) = (TαπM )(DC(α)), for q ∈M with πM (α) = q.



As C is fibered over M , F is a regular distribution and its rank coincides with the rank of
DC . Indeed, since

rankF = dimF(q) = dimDC(α)− dim(ker(TαπM |DC )),

it is enough to check that DC(α) ∩ kerTαπM = {0}. As C
πC→ M is a fibration, then

Tα(T ∗M) = kerTαπM + TαC. Therefore, if v ∈ DC(α) ∩ kerTαπM , it follows that ivω =
[ω(v) = 0, so that, v = 0 because ω is symplectic.

Moreover, taking into account that DC is completely integrable (recall section 2.2), from
the TπM -projectability of the Lie bracket one has that F is a foliation. Thus, from section
1.2 we have that F is a Lie subalgebroid of TM . F is said to be the foliation on M associated
with the characteristic distribution DC .

Proposition 3.5. Let C be an affine coisotropic submanifold of T ∗M
πM→ M fibered over M

and F be the foliation on M associated with DC . If j : T ∗M → F∗ denotes the canonical
projection, then for every α ∈ C,

i. kerTαj =
〈
F0(πM (α))

〉v
α

, where v
α : T ∗πM (α)M → Tα(T ∗πM (α)M) is the canonical iso-

morphism.

ii. kerTαj ⊂ TαC

Proof. i. Remark that,

dim kerTαj = dimTα(T ∗M)− dimTαF = s

dim(F0(πM (α)))vα = dimF0(πM (α)) = s.

Moreover, for every β ∈ F0(πM (α)),

Tαj(β
v
α) = Tαj

(
d

dt |t=0
(α+ tβ)

)
=

d

dt |t=0
(j(α) + tj(β)) =

d

dt |t=0
j(α) = 0.

Thus, (F0(πM (α)))vα ⊂ kerTαj and as the dimensions coincide kerTαj =
〈
F0(πM (α))

〉v
α
.

ii. From the previous item it is enough to see (F0(πM (α)))vα ⊂ TαC. First, as (T ∗M,ω)
is a symplectic manifold, it follows that [ω(T⊥C) = T 0C. For every γ ∈ T 0

αC, we
denote by Xγ its inverse image by [ω. For every β ∈ F0(πM (α)) we have,

γ(βvα) = [ω(Xγ)(βvα) = T ∗απM (β)(Xγ) = β(TαπM (Xγ))

where we used that [ω(βvα)(v) = −T ∗απM (β)(v) for any β ∈ T ∗M and any v ∈
Tα(T ∗M). Finally, since Xγ ∈ D|C it follows that (TγπM )(Xγ) ∈ F(πM (γ)) and
we conclude,

γ(βvα) = 0

and kerTαj ⊂ TαC.

Now, we have all the requierd tools to give the local description of the affine coisotropic
submanifolds of the cotangent bundle. We give the result in two parts, first the case where
C is fibered over the base manifold and then the general case.



Proposition 3.6. Let C be an affine coisotropic submanifold of T ∗M fibered over the
base manifold M and F be the projection of its characteristic distribution. If we denote
by j : T ∗M → F∗ the canonical projection, then for every ξ ∈ C there exists an open
neighbourhood V and a 1-cocycle φ ∈ Γ(F∗), dFφ = 0, such that V is an open set of
j−1(φ(M)).

T ∗M
j // F∗

πM
��

C
?�

OO
jC
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πM |C
//M

φ

HH (3.2)

Proof. If α ∈ C then, from Proposition 3.5, we have that

rank jC = dimTαC − dim kerTαj = m.

Thus, we can choose an open subset V of C such that ξ ∈ V and jC(V ) is a submanifold of
F∗. Now, since F is a Lie subalgebroid of TM , then F∗ admits a linear Poisson structure.
We will see hat jC(V ) is a coisotropic submanifold of F∗.
Given α ∈ V , for every β ∈ T 0

j(α)jC(V ) and every v ∈ TαC we have

(T ∗αj(β)) (v) = β(Tαj(v)) = 0,

so that, (T ∗αj) (T 0
j(α)jC(V )) ⊂ T 0

αC. As well, as F is a Lie subalgebroid of TM , then from
Proposition 1.10 it follows that j is a Poisson morphism. Therefore, if wF∗ and wT ∗M are
the Poisson 2-vectors of F∗ and T ∗M respectively, then for every β, η ∈ T 0

jC(α)j(V ),

wF∗(j(α))(β, η) = wT ∗M (α)(T ∗αj(β), T ∗αj(η)) = 0

where we have used (1.5) and the fact that C is coisotropic on T ∗M . Thus, jC(V ) is
coisotropic in F .
From the commutativity of the diagram

T ∗M
j //

πM ##

F∗

τF∗}}
M

it follows that jC(V ) is fibered over M . Thus, taking into account that rank jC = m, there
exists a section φ ∈ Γ(F∗) such that φ(M) = jC(V ), i.e.,

V ⊂ j−1(φ(M))

Finally, by Proposition 3.1, dFφ = 0.

Next, we discuss the general case when the coisotropic submanifold is fibered over a
submanifold of M .

Theorem 3.7. [Local structure of fibered coisotropic submanifolds with projectable char-
acteristic distribution] Let C be a coisotropic submanifold of T ∗M fibered over a submanifold
N of M such that its characteristic distribution is πM -projectable over a foliation FN on
N . Then, if ĵ : T ∗NM → F∗N denotes the canonical projection, for every ξ ∈ C there exists



an open neighbourhood V and a 1-cocycle φ ∈ Γ(F∗N ), dFNφ = 0, such that V is an open
set of ĵ−1(φ(N)):

T ∗M

T ∗NM
, �

i

::

j //

ĵ

''
T ∗N

πN
��

j // F∗N
πF∗

N

||
C
?�

OO
jC
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πM |C
// N

φ

CC

Proof. Proceding as in the proof of the Theorem 3.6, one may prove that

kerTαj ⊂ T⊥α C, for α ∈ C.

Then, as C is coisotropic, T⊥α C ⊂ TαC and we may choose an open subset V of C such
ξ ∈ V and jC(V ) is a submanifold of T ∗N .
Now, let us see that

Tαj(T
⊥
α C) = ((Tαj)(TαC))⊥ = T⊥j(α)j(C), for α ∈ V. (3.3)

First, if we set dimN = n, dimM = m = n+ k and dimC = n+ s with k ≤ s,

dim (Tαj) (T⊥α C) = dimT⊥α C − dim ker(Tαj|T⊥α C)

= 2(n+ k)− (n+ s)− (2n+ k − 2n) = n+ k − s = m− s

dim((Tαj)(TαC))⊥ = dimTj(α)(T
∗N)− dimTαj(TαC)

= 2n− (n+ s− (2n+ k − 2n)) = n+ k − s = m− s.

Furthermore, as we saw in the proof of Theorem 2.8, i∗ωM = j∗ωN where i : T ∗NM →
T ∗M . Thus, for any given u ∈ T⊥α C and every v ∈ TαC,

ωN (j(α))(Tαj(u), Tαj(v)) = j∗ωN (α)(u, v) = i∗ωM (α)(u, v) = 0.

Therefore, Tαj(T
⊥
α C) = ((Tαj)(TαC))⊥ = T⊥j(α)j(C). Consequently, since T⊥α C ⊂ TαC, it

follows that j(C) is coisotropic.
As in the Lagrangian case, from the commutativity of the diagram below it follows that
jC(V ) is fibered over N

C
jC //

πM |C   

T ∗N

πN||
N

So far, we have proved that jC(V ) is coisotropic in T ∗N and fibered over the whole base
manifold N . Hence, if we show that the characteristic distribution DjC(V ) of jC(V ) projects
to FN , then, from Proposition 3.6 we will have that there exists an open neighbourhood U
of j(ξ) such that

U ⊂ j−1
(φ(N))

with j̄ : T ∗N → F∗N the canonical projection, φ ∈ Γ(F∗N ) and dFNφ = 0. But, using again
the commutativity of the previous diagram and Proposition 3.3 we obtain,

FN (πM (α)) = (TαπM )
(
T⊥α C

)
=
(
Tj(α)πN

) (
Tαj(T

⊥
α C)

)
=
(
Tj(α)πM

) (
Dj(C)(j(α))

)
.



for α ∈ C. Eventually, restricting V more if necessary, we conclude that

V ⊂ j−1(φ(N))

Remark 3.8. If C is an affine coisotropic subbundle of T ∗M , the characteristic distribution
DC of C is τA∗-projectable (see Proposition 3.4). Conversely, using Theorem 3.7 we deduce
that if C is a fibered coisotropic submanifold with projectable characteristic distribution,
then C is locally an affine subbundle.

3.2 Coisotropic affine subbundles on Lie Algebroids

The idea now is to generalize the above results to the dual bundle of any Lie algebroid,
which in general, is not symplectic but Poisson. The most natural way of doing it is trying
to adjust the proofs we have to the context of Lie algebroids and Poisson manifolds.

If we try to follow the same steps as in the cotangent bundle case, we remark that
Proposition 3.4 is still valid. Furthermore, in the cotangent bundle case we have seen
that the converse is also true, i.e., if the characteristic distribution is projectable, then the
submanifold is locally an affine subbundle. However, this last result is not, in general, true
as shows the following example.

Example 3.9. Let (τA, [[ , ]], ρ) be a Lie algebroid and C = {α ∈ A∗|fi(α) = 0, i = 1, · · · , n}
be an affine coisotropic subbundle of A∗. Let ϕj , j = 1, · · · ,m be Casimir functions and
define C = {α ∈ A∗ | fi(α) = 0, ϕj(α) = 0 for i = 1, · · · , n, j = 1, · · · ,m}. We have,

T⊥C = T⊥C ⊂ TC,

that is, C is coisotropic submanifold and its characteristic distribution is τA∗-projectable.
However, C is not in general, an affine subbundle.

Example 3.10. Let us see a particular example of the previous situation. Consider the Lie
algebra so(3) of the special orthogonal group SO(3) that may be identified with (R3,×).
The Poisson 2-vector of the Lie-Poisson structure on so∗(3) ∼= R3 is given by

w = x
∂

∂y
∧ ∂

∂z
+ y

∂

∂z
∧ ∂

∂x
+ z

∂

∂x
∧ ∂

∂y

Hence it is easy to prove that the functions nr(x, y, z) = x2 + y2 + z2 − r2 are Casimir
functions for such a Poisson structure (for further details on these topics see [14]).

Note that, in this case, the vector bundle projection τA∗ = τR3 is the zero map. Thus,
the characteristic distribution of an arbitrary coisotropic submanifold is τR3-projectable.
Now, consider the function f(x, y, z) = x and the manifold C =

{
v ∈ R3 | f(v) = 0

}
. It

is coisotropic since TC =
〈
∂
∂y ,

∂
∂z

〉
and #w(df) = y ∂

∂z − z
∂
∂y . Furthermore, the manifold

C̄ =
{
v ∈ R3 | f(v) = 0 = nr(v)

}
is also coisotropic since TC =

〈
−z ∂

∂y + y ∂
∂z

〉
and its

characteristic distribution coincides with that of C. However, C is not an affine subspace
of R3.



In view of the previous example, we focus on the case in which C is an affine subbundle
which is the strongest condition. Now, in order to generalize the above results we construct
a diagram analogous to (3.2) to proceed in a similar way

A∗N
j // B∗

τB
��

C
?�

OO
jC
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τA∗ |C
// N

φ

HH

The first problem that we encounter is defining an object B where before we had in a
natural way a foliation over N in TN . What one could expect, is B being a Lie subalgebroid
of A such that the properties i. and ii. of Proposition 3.5 hold. These properties imply that
the rank of jC is constant. As we will see, this will lead us to define B through its anihilator
and to guarantee that B is a Lie subalgebroid of A we will need the following results.

Proposition 3.11. [22] Let (τA, [[ , ]], ρ) be a Lie algebroid over M and B be a vector
subbundle of A over a submanifold N of M . Then, B is a Lie subalgebroid of A if, and
only if, the annihilator B0 of B is a coisotropic submanifold of A∗.

Proposition 3.12. Let (τA, [[ , ]], ρ) be a Lie algebroid over M and B be a vector subbundle
of A over a submanifold N of M . If C is a coisotropic affine subbundle of A∗ which is
modelled over the vector subbundle B0 of A∗, then B is a Lie subalgebroid of A.

Proof. It is easy to prove that

T 0B0 =
〈{
dX̂, df̃ | X ∈ Γ(A) and f ∈ C∞(M) with X|N ∈ Γ(B) and f|N = 0

}〉
.

Moreover, for every X ∈ Γ(B) there exists φX ∈ C∞(M) such that

T 0C =
〈{
d(X̂ + φ̃X), df̃ | X ∈ Γ(A) and f ∈ C∞(M) with X|N ∈ Γ(B) and f|N = 0

}〉
Now, if f ∈ C∞(M) and f|N = 0, we have that

#wA∗ (df̃)|C ∈ X (C)

where #wA∗ is the linear Poisson 2-vector on A∗.

Thus, since, #wA∗ (df̃)(φ̃X) = 0 note that from (1.28), #wA∗ (df̃) is a τA∗-vertical vector
field and it follows that

#wA∗ (df̃)|B0 ∈ X (B0) (3.4)

On the other hand, if X ∈ Γ(A) and X|N ∈ Γ(B), we have that

#wA∗ (d(X̂ + φ̃X))|C ∈ X (C)

which implies that

0 =
(

#wA∗ (d(X̂ + φ̃X))
)

(Ŷ+φ̃Y )|C =
(

#wA∗ (dX̂)(Ŷ ) + #wA∗ (dX̂)(φ̃Y ) + #wA∗ (dφ̃X)(Ŷ )
)
|C

Thus using that #wA∗ (dX̂)(Ŷ ) is a linear function and that #wA∗ (dX̂)(φ̃Y ) and #wA∗ (dŶ )(φ̃X)
are basic functions we conlude that

#wA∗ (dX̂)(Ŷ ) = 0



and therefore,
#wA∗ (dX̂)|B0 ∈ X (B0). (3.5)

Now, form (3.4) and (3.5) we deduce that B0 is a coisotropic submanifold of A∗. Conse-
quently, using Proposition 3.11 it follows that B is a Lie subalgebroid of A.

Next, we present the local description of the coisotropic affine subbundles of the dual
bundle to a Lie algebroid.

Theorem 3.13. [Local structure of coisotropic affine subbundles of the dual bundle to a
Lie Algebroid ]. Let (τA, [[ , ]], ρ) be a Lie algebroid over M , N be a submanifold of M
and B be a vector subbundle over N . If C ↪→ A∗ is an coisotropic affine subbundle of A∗

modelled over B0 and j : A∗N → B∗ is the canonical projection, then for every ξ ∈ C there
exists an open neighbourhood V and a 1-cocycle φ ∈ Γ(B∗), dBφ = 0, such that V is an
open set of j−1(φ(N))

A∗N
j // B∗

πB
��

C
?�

OO
jC
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πA∗ |C
// N

φ

HH

Proof. Thanks to Proposition 3.12 we know that B is a Lie subalgebroid of A, and the
previous diagram makes sense.
Proceeding as in the proof of Proposition 3.5 one proves that kerTαj =

〈
B0(τ(α))

〉v
α
⊂ TαC,

for every α ∈ C. It follows that jC has constant rank equals to the dimension of N and we
may choose an open subset V of C so that jC(V ) is a submanifold of B∗.
As B is a Lie subalgebroid of A, B∗ is a linear Poisson manifold and proceeding as in
the proof of Proposition 3.6, we deduce that the submanifold jC(V ) is coisotropic on B∗

and fibered over N . Thus, there exists φ ∈ Γ(B∗) such that, restricting V if necessary,
V ⊂ j−1(φ(N)) and, from Proposition 3.1 dBφ = 0.

This result gives us the local structure of the coisotropic affine subbundles of A∗. For our
immediate objective this description suffices. Nevertheless, the problem of describing the
coisotropic fibered non affine submanifolds whose characteristic distribution is projectable
is still open. One might conjecture that a fibered coisotropic submanifold with projectable
characteristic distribution is under certain conditions of regularity, as in Example 3.9.

Finally we study the coisotropic submanifolds of A∗ in the particular case when A is an
action Lie algebroid or an Atiyah algebroid associated with a principal bundle. We remark
that the example of the cotangent bundle is already studied in the previous section and the
Lie algebra case is just a particular case of both examples.

Example 3.14. i. Action Lie algebroids Let τA : M ×g→M be an action Lie alge-
broid associated with the left infinitesimal action Φ : g→ X (M). In order to describe
the coisotropic affine subbundles of A∗ = M ×g∗ we only need a Lie subalgebroid and
a 1-cocycle on it. In Example 1.11 we saw that N×h, with N a submanifold of M and
h a Lie subalgebra of g acting on X (N), is an action Lie subalgebroid of A = M × g.
Furthermore, if α ∈ h∗ is a 1-cocycle for the Lie subalgebra h, then α induces, in a
natural way, a 1-cocycle of the action Lie subalgebroid τB : B = N × h→ N . Thus,

C =
{

(q, β) ∈ N × g∗ | β|h = α
}



is a coisotropic affine subbundle of the linear Poisson manifold A∗ = M × g∗. Note
that if α̃ ∈ g∗ is an extension of α ∈ h∗, then

C =
{

(q, α̃+ γ) ∈ N × g∗ | γ ∈ h0
}
⊂ A∗ = M × g∗.

ii. Atiyah algebroid Let G × M be the total space of a trivial principal G-bundle
over M . As we know, the Atiyah algebroid associated with the principal G-bundle is
τA : A = g× TM →M , where g is the Lie algebra of G.

Now, suppose that h is a Lie subalgebra of g, N is a submanifold of M and FN is
a foliation on N . Then, the trivial vector bundle τB : B = h × FN → N is a Lie
subalgebroid of the Atiyah algebroid τA : A = g× TM →M .

Next, let α : h → R be a 1-cocycle of the Lie subalgebra h and φ : N → F∗N be a
cocycle for the foliation FN . Then, α and φ induce, in a natural way, a 1-cocycle
(α, φ) of the Lie subalgebroid τB : B = h×FN → N . In fact,

(α, φ)(q) = (α, φ(q)), for q ∈ N

Thus,

C =
{

(µ, β) ∈ A∗ = g∗ × T ∗NM | µ|h = α, β|FN (q) = φ(q), for q ∈ N
}

is a coisotropic affine subbundle of the Atiyah algebroid τA : A = g× TM →M .

Finally, if α̃ ∈ g∗ and φ̃ : N → T ∗NM are extensions of α and φ respectively, it follows
that

C =
⋃
q∈N

{
(α̃+ γ, φ̃+ β) ∈ A∗q = g∗ × T ∗qM | γ ∈ h0 and β ∈ T 0

qN
}



Chapter 4

Lagrangian Lie subalgebroids of
the A-tangent bundle to A∗

In Chapter 2 (see Proposition 2.11), we proved that the base space of every Lagrangian
Lie subalgebroid of the A-tangent bundle to A∗ is a coisotropic submanifold on A∗. In the
previous chapter we discussed the local structure of such submanifolds in the particular
case when they are affine. Now, we discuss the local description of the Lagrangian Lie sub-
algebroids of A-tangent bundle to A∗ fibered over an affine subbundle of A∗. Following the
same pattern as in the other chapters we give first a model of Lagrangian Lie subalgebroids
of T AA∗ fibered over a coisotropic affine subbundle of A∗ and then we show that locally,
under certain conditions, every Lagrangian Lie subalgebroid fibered over a coisotropic affine
subbundle can be described by the same procedure.

4.1 The local structure of some Lagrangian Lie subalgebroids
of the A-tangent bundle to A∗.

Proposition 4.1. Let (τA, [[ , ]]A, ρA) be a Lie algebroid over M and (τB, [[ , ]]B, ρB) be a
Lie subalgebroid over a submanifold N of M . Let φ ∈ Γ(B∗) be a cocycle and C = C(B,φ)
be the affine coisotropic submanifold associated to B and φ. Then,

L = T BC =
⋃
αq∈C

{
(bq, Xαq) ∈ B × TαqC | ρB(bq) =

(
TαqτA∗ |C

)
(Xαq)

}
(4.1)

is a Lagrangian Lie subalgebroid of the symplectic Lie algebroid (T AA∗,Ω)

L
I //

τL=(τTAA∗ )|L
��

T AA∗

τTAA∗
��

C
i

// A∗

Proof. First of all let us check that L has constant rank equals to the half of the rank of
T AA∗. If dimN = n, dimM = m, rankB = b and rankA = a, it follows that dimC =
a+ n− (b+ n− n) = a+ n− b. Then,

rankL = rankB + dimC − dimN = a =
1

2
rank T AA∗,



and L is a vector subbundle of T AA∗.
Now, let us prove that L is a Lie subalgebroid of T AA∗ by checking the conditions of
Definition 1.11:

i. ρ1
|L : L→ TC is well defined (we recall that ρ1 is the anchor map of the Lie algebroid

τT AA∗ : T AA∗ → A∗).

ii. Given two projectable sections (X,X ′), (Y, Y ′) ∈ Γ(T AA∗) such that (X,X ′)|C , (Y, Y
′)|C ∈

Γ(L), we have that X|N , Y|N ∈ Γ(B) and X ′|C , Y
′
|C are vector fields on C (τA∗)|C-

projectables on ρA(X)|N and ρA(Y )|N respectively. On the other hand,

[[(X,X ′), (Y, Y ′)]]T AA∗ =
(
[[X,Y ]]A, [X

′, Y ′]
)
. (4.2)

Hence, since B is a Lie subalgebroid and C is a submanifold it follows that(
[[(X,X ′), (Y, Y ′)]]T AA∗

)
|C =

(
[[X,Y ]]B, [X

′, Y ′]|C
)
∈ Γ(L).

The above facts imply that L is a Lie subalgebroid.
Let us prove that L is Lagrangian. To do so, first we need to set a local basis of Γ(L). Recall

that
〈{

(dfX)|C = d(X̂ − φ̃(X) ◦ τA∗)|C | X ∈ Γ(A) and XN ∈ Γ(B)
}〉
⊂ T 0C. Here, φ̃ :

M → A∗ is an exension of φ. We can consider the Hamiltonian sections associated with fX ,

HfX = HX̂ −Hφ̃(X)◦τA∗ = X∗c + (dA(φ̃(X) ◦ τA∗))v = (X,X∗c + (dA(φ̃(X) ◦ τB)))v).

They are sections of L since X|N ∈ Γ(B) and

(ρ1(HfX ))|C = (XfX )|C = (#wA∗ (dfX))|C ∈ TC

because C is coisotropic. Since
{

(dfX)|C | X ∈ Γ(A) and X|N ∈ Γ(B)
}

span a vector sub-
bundle of T ∗CA

∗ of rank b, it follows that
〈
HfX | X ∈ Γ(A) and X|N ∈ Γ(B)

〉
spans a vector

subbundle of rank b.
Consider,

VC =
{
β ∈ Γ(A∗) | (βv)|C ∈ X (C)

}
.

For every β ∈ VC we have that βv = (0, βv) is a section of Γ(L). Moreover, if α ∈ C we
have that {βv(α) | β ∈ VC} is the fiber of a vector subbunlde of T AA∗ over C of rank a− b.
In addition, for every β ∈ VC we have that (βv)|C = (0, (βv)|C) is independent of HfX |C for

every X ∈ Γ(A) such that X|N ∈ Γ(B). Thus,

Γ(L) =
〈
HfX |C , β

v
|C | X ∈ Γ(A), X|N ∈ Γ(B) and β ∈ VC

〉
.

Finally, let us prove that (I, i)∗Ω = ΩL = 0. First, using that C is coisotropic, i.e, #(T 0C) ⊂
TC we have

Ω(HfX ,HfY )|C = {fX , fY }|C = 0.

Furthermore, from (1.35), for every β, γ ∈ VC ,

Ω(βv, γv) = 0

Eventually, also from (1.35), we have that

Ω(HfX , β
v) = Ω(X∗c +

(
dT

AA∗(φ̃(X) ◦ τA∗))
)v
, βv) = Ω(X∗c, βv) = β̃(X)

and, since X|N ∈ Γ(B) and β|N ∈ Γ(B0) we conclude that Ω(HfX , βv) = 0. This proves
that L is Lagrangian.



Remark that the model of Lagrangian Lie subalgebroids that we presented verfies τ1(L) ⊂
B. Denote by VvC the vector subundle of T AA∗ over C whose fiber at the point α ∈ C is

{βv(α) | β ∈ VC(α)}

Then, we have that

τ1(L) ⊂ B ⇔ VvC ⊂ L ⇔ L⊥ = L ⊂ (VvC)⊥

In fact, if α ∈ C we have that

B0(τA∗(α)) =
{
β ∈ A∗τA∗ (α) | β

v
α ∈ TαC

}
= VC(α)

and thus, using that

Ω(βv, X) = ˜β(τ1(X)), for X ∈ Lα and β ∈ VC(α)

we deduce the result.
Now, we will prove that every Lagrangian subbundle of (T AA∗,Ω) verifying the previous

property can be described locally by the same procedure.

Theorem 4.2. Let (τA, [[ , ]]A, ρA) be a Lie algebroid over M . Let L be a lagrangian
subbundle of (T AA∗,Ω) with base manifold an affine subbundle C of A∗ over a submanifold
N of M . Then,

i. C is coisotropic on A∗ and there exists a Lie subalgebroid B of A over N and a
1-cocycle φ ∈ Γ(B∗) such that C = C(B,φ).

ii. If ρ1(L) ⊂ TC and τ1(L) ⊂ B, locally L = T BC.

Proof. i. It is already proved on Proposition 2.11 and Theorem 3.13. Thus, locally
C = j−1(φ(N)).

ii. In a sufficiently small neighbourhood of each point we have〈
(dfX)|C = (d(X̂ − φ(X) ◦ τB))|C | X ∈ Γ(A), X|N ∈ Γ(B)

〉
⊂ T 0C.

First we prove that the Hamiltonian sections (HfX )|C associated with fX form a set

of b independent sections of Γ(L) by checking that (HfX )|C ∈ Γ(L⊥). For every
Y ∈ Γ(L),

(Ω(HfX , Y ))|C = (dT
AA∗fX(Y ))|C = (ρ1(Y )fX)|C = 0

because fX |C = 0. Likewise, we have that for every β ∈ VC , βv ∈ Γ(L). Indeed, for
every Y ∈ Γ(L),

Ω(βv, Y ) = ˜β(τ1(Y ))

and therefore, using that β ∈ Γ(B0) and the fact that τ1(L) ⊂ B we conclude that

Ω(βv, Y ) = 0

which implies that βv|C ∈ Γ(L⊥) = Γ(L).



On the other hand, it is clear that if α ∈ C, it follows that 〈{HfX (α), βv(α) | X ∈
Γ(A), X|N ∈ Γ(B) and β ∈ VC

}〉
is a real vector space of dimension a. This implies

that
L(α) =

〈{
HfX (α), βv(α) | X ∈ Γ(A), X|N ∈ Γ(B) and β ∈ VC

}〉
and thus, L is (locally) T BC.

Remark that if in stead of L being a Lagrangian subbundle we require L being a La-
grangian Lie subalgebroid the condition ρ1(L) ⊂ TC could be avoid. Nontheless, the second
condition τ1(L) ⊂ B is still necessary as shows the following example.

Example 4.3. Let (τA, [[ , ]]A, ρA) be a Lie algebroid over M , B be a Lie subalgebroid over
N , φ ∈ Γ(B∗) be a 1-cocycle and C be the affine coisotropic submanifold associated with
B and φ. Suppose that e0 is a section of τA : A→M which belongs to the center of A and
such that e0(q) /∈ Bq for all q ∈ N . Assume also that e0 ∈ Γ(A∗) satisfies e0(e0) = 1 and
(e0)|N ∈ Γ(B0). Then, one may prove that ρ(e0) = 0 and, thus, e∗c0 = (e0, 0) ∈ Γ(T AA∗).

Now consider the vector subbundle L of T AA∗ over C whose fiber at the point α ∈ C is

L(α) =
(
T Bα C ∩

〈{
(e0)v(α)

}〉0
)
⊕ 〈(e0)∗c(α)〉

It follows that L is a Lagrangian subalgebroid over C. However, τ1((e0)∗c(α)) = e0(τC(α)) /∈
B(τC(α)), for all α ∈ C.

4.2 Some examples of Lagrangian Lie subalgebroids of the
A-tangent bundle to A∗.

Next, we obtain some particular examples of Lagrangian Lie subalgebroids of the A-tangent
bundle to A∗, when A is an action Lie algebroid or A is an Atiyah algebroid.

Example 4.4. i. Action Lie algebroid Let τA : A = M × g → M be an action Lie
algebroid induced by a left infinitesimal action Φ : g→ X (M) and B = N × h be the
total space of an action Lie subalgebroid as in Example 1.12. Suppose that α ∈ h∗ is
a 1-cocycle for the Lie subalgebra h. Then, if α̃ ∈ g∗ is an extension of α we have that

C =
{

(q, α̃+ γ) ∈ N × g∗ | γ ∈ h0
}

is a coisotropic affine subbundle of A∗ = M × g∗ (see Example 3.14).

On the other hand, as we know (see Example 1.13), the A-tangent bundle to A∗ may
be identified with the trivial vector bundle (M × g∗)× (g× g∗)→M × g. Under this
identification,

T BC) =
{(

(q, α̃+ γ), (ξ, γ′)
)
∈ (M × g∗)× (g× g∗) |

q ∈ N, γ ∈ h0, ξ ∈ h and γ′ ∈ h0
}

is a Lagrangian Lie subalgebroid of T AA∗ ∼= (M ×g∗)× (g×g∗) over the submanifold
C(B,φ) of A∗ = M × g∗.



ii. Atiyah algebroid Let τA : A = g × TM → M be an Atiyah algebroid associated
with a trivial principal G-bundle G ×M → M and B = h × FN be the total space
of a Lie subalgebroid of τA : A = g × TM → M (over a submanifold N of M) as in
Example 1.12.

Now, suppose that α : h∗ is a 1-cocycle of the Lie subalgebra h and that φ : N → F∗N
is a 1-cocycle of the foliation FN on N . Denote by (α, φ) the corresponding 1-cocycle
of the Lie subalgebroid τB : B = h × FN → N (see Example 1.12). If α̃ ∈ g∗ and
φ̃ : N → T ∗NM are extensions of α and φ respectively, it follows that

C =
⋃
q∈N

{(
α̃+ γ, φ̃(q) + β

)
∈ A∗q = g∗ × T ∗qM | γ ∈ h0 and β ∈ T 0

qN
}

is an affine coisotropic submanifold of the linear Poisson manifold A∗ = g∗ × T ∗M .

On the other hand, the A-tangent bundle to A∗ may be identified with the trivial
vector bundle g∗ × (g × g∗) × T (T ∗M) → g∗ × T ∗M = A∗ (see Example 3.14), and,
under this indetification,

L =
{(
α̃+ γ, (ξ, γ′), Tqφ̃(Xq)

)
| γ, γ′ ∈ h0, ξ ∈ h, q ∈ N and Xq ∈ TqN

}
is a Lagrangian Lie subalgebroid of T AA∗ = g∗ × (g × g∗) × T (T ∗M) over the sub-
manifold C(B, (α, φ)).



Conclusions and Future Work

In this master thesis we have discussed the local structure of a Lagrangian Lie subalgebroid
L of the A-tangent bundle to A∗, T AA∗ (A being a Lie algebroid), which satisfies certain
conditions. First of all, we proved that the base manifold C of L turns out to be coisotropic
on A∗. Then, we disccussed the local structure of a fibered coisotropic manifold of A∗. Since
a Lagrangian submanifold of the cotangent bundle T ∗Q which is fibered over a submanifold
of Q is affine, we focused our attention to the particular case when C is an affine subbundle of
A∗. In fact, we proved that such a manifold is completely determined by a Lie subalgebroid
B of A and a 1-cocycle on B (see Theorem 3.13). In particular, we deduce that when A is
the standard Lie algebroid TM then C is (locally) an affine subbundle if, and only if, its
characteristic distribution is projectable. However, this result is not true if A is an arbitrary
Lie algebroid (see Example 3.9).

Finally, a local description of a Lagrangian Lie subalgebroid L of T AA∗ over a coisotropic
affine subbundle C of A∗ is given. In fact, if B is the Lie subalgebroid of A associated with
C and τ1(L) ⊂ B we deduce that L is locally the prolongation of B over C.

Thus, this master thesis gives a first approach to the local structure of the Lagrangian
Lie subalgebroids of T AA∗ but more work must be done and some new problems, that are
summarized below, arise:

• Local description of the fibered cosiotropic submanifolds of A∗ whose characteristic
distribution is projectable.

• Local description of an arbitrary fibered coisotropic submanifold of A∗.

• Local description of coisotropic submanifols of A∗ (i.e., C is no longer fibered over a
submanifold of the base manifold).

• Local desription of Lagrangian Lie subalgebroids of T AA∗ over a coisotropic subman-
ifold of A∗.

Furthermore, it is noteworthy that as we mentioned on the introduction, our final aim
is to apply all these results to develop a Hamilton-Jacobi theory for Hamiltonian systems
on linear Poisson manifolds.
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