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lecture by Marco Castrillon
notes by Cédric M. Campos & David Iglesias

June 21, 2011

Abstract

These notes follow the course given by M. Castrilléon on covariant reduction of
Field Theories when the configuration bundle is a principal bundle and the sym-
metry group is the structure group of the bundle. The preliminary notions needed
to understand the geometry behind the constructuion are also given.

1 Bundles

In this first section, we introduce fiber bundles and associated notions, such as
connections or sections. These are the objects in which we later develop our theory.

A fiber bundle is the generalization of the product of two manifolds, but in this
case they are “glued” in a non trivial way. Roughly speaking, we could say that the
space is locally the product of two manifolds. To be more precise,

Definition 1. A fiber bundle is a triple (E,m, M) where M and E are smooth
manifolds (of dimension m and m + n, respectively) and 7: E — M is a surjective
submersion that satisfies the following condition: there is a smooth manifold F (of
dimension n) such that

Vo € M 3U € N(z) 3V € Diff (' (U),U X F) : 7|z-1(0) = pryo¥.

In such a case, we call:
i) M, the base space;
) E, the total space;
) m, the projection;
) F, the typical fiber;
v) E, :=n"Y(z), the fiber over x € M,
) By :=n"Y(n(u)), the fiber through u € E;
)

and {(Uq, Vo) taca, a trivialization atlas.
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Note 2. A fiber bundle (F,m, M) it is also commonly denoted by the total space E
itself or by the projection 7.

Note 3. The existence of the typical fiber F' could be stated locally, but the defini-
tion implies that a unique typical fiber (modulo diffeomorphisms) may be chosen.

Note 4. Any couple of local trivializations (Ua, ¥) and (U, ¥3) induces, for each
z € Uy NUg, a diffeomorphism of the typical fiber F'.

(UaNUg) x F — (UaNUg) x F

(@,y) — (2, a5(z,y) W, 5(z, ) € Diff(F)

The bundle structure is encoded in two different parts: One is the way in which
the fibers are glued together, which can be trivial or not. The other is the particular
structure of the fiber itself.

Ezxample 5. The simplest gluing technique would be the Cartesian one. If M and F'
are manifolds then (M x F, pry, M) is a fiber bundle, called the trivial fiber bundle.

Ezample 6. Depending on the structure of the fiber manifold F', we may have for
instance:

i) Vector bundles (F' = V'), the fibers are endowed with a vector space structure:
the tangent bundle TM, the cotangent bundle T*M, the symmetric tensor
product of the cotangent bundle S?T*M, etc.

ii) Affine bundles (F' = A), the fibers are endowed with an affine structure. A
particular example of this situation is the first-jet bundle J'7 of a given fiber
bundle. We will develop this notion in Section §3.

Ezample 7. Let (E,m, M) be a fiber bundle. Then, the set
Vert(m) :={X € TE : Tn(X) =0}

of vertical vectors with respect to 7, together with the restriction of the canonical
projection 7g|vere(r): Vert(m) — FE, is called the vertical bundle of . It can be
proved that it is in fact a vector bundle over E.

A particular class of fiber bundles, which is interesting for our purposes, is the
family of principal bundles. In this case, the fiber manifold is a Lie group.

Definition 8. A principal bundle is a fivefold (G, ®, P, m, M) such that
i) G is a Lie group;
(P,m, M) is a fiber bundle with typical fiber Gj

ii)
iii) ®: G x P — P is a free! Lie group action of G on P; and
)

iv) M = P/G and 7 is the quotient projection.

Note 9. One can check that condition i) to iv) above give as a consequence the
existence of a trivialization atlas {(Ua, ¥q)}aca of P, such that U, = 7 X 9)q,

where 10 (®(g,p)) = ®(g,%a(p)), pe 7' (U), g € G, a € A.

Note 10. The notation G : P — M is also used and, when the action is a right action
(resp. left action), then we note ®(p, g) = Ry(p) = pg (resp. ®(p,g) = Ly(p) = gp).
Finally, the induced action will be noted by the same symbol, that is: ®(p, g) instead
of T,®(-,g) and, similarly, R, (resp. Lg4) instead of TR, (resp. TLy). In what
follows and if nothing else is stated, every action is assumed to be on the right.

LA Lie group action ®: G x P — P is free if the only element g € G with fixed points is the identity.



Note 11. Given a principal bundle 7: P — M with structure group G and a point
u € Py, then 7= 1(z) is just the orbit of u, i.e.

7N x) = {ug|g € G} = Orb(u).

Therefore, we clearly have that the fibers are diffeomorphic to G.

Ezxample 12. Given a manifold M of dimension m and a point x € M, a linear
frame u at x is an ordered basis vy, ..., vy, of the tangent space T, M. The frame
bundle FM is the set formed by all linear frames u at all points of M. Given local
coordinates (x!,...,2™) on a neighborhood U, we have that each element of any
frame u = {v1,..., v} can be written as v; = 3 AJ9/827. Thus, FM is locally of
the form U x GI(R™), where GI(R™) is the general linear group, with coordinates
(z°, A7). These induce a manifold structure on FM and a surjective submersion
FM — M given by u — x, where u is a linear frame at z. In addition, FM — M
is a principal bundle with structure group GI(R™), where given a linear frame u
and A € GI(R™), the linear frame uA = {w1,...,wy} is just w; = 37, Ajv;.

Given two manifolds M and F', a function between them f: M — F can be
reinterpreted considering its graph, that is, the map s;: M — M X F, x +—
(x, f(z)). The map sy satisfy that pryos; = idas. Generalizing to the context of
general fiber bundles, we have the notion of sections.

Definition 13. Given a fiber bundle 7: E — M, a (local) section of 7 is a function
s: M — E such that mos = idps. The set of sections of 7 is denoted Sec(w). The
set of local sections around a point x € M is denoted Secy (7).

Ezample 14. As we have just mentioned, sections of the trivial fiber bundle (M X
F,pry, M) are just the graph of functions from M to F. Other examples are the
following ones.

i) Sections of 7ar: TM — M are vector fields, Sec(tar) = X(M).
ii) Sections of myr: T*M — M are differential forms, Sec(mys) = Q(M).

iii) Sections of S?T*M — M are semi-Riemannian metrics (admitting singulari-
ties).

iv) Sections of FM are parallelizations.

There are situations in which the existence of global sections implies conditions
on the fiber bundle. In this direction we have:

Proposition 15. A principal bundle w: P — M with structure group G admits a
global section if and only if the bundle P is trivializable, that is, P = M x G.

It is obvious that the bundle M x G admits the global section s: m € M +—
(m,e) € M x G, where e is the unit element of G. Conversely, if s: M — P is
a global section, one can construct the diffcomorphism Wg: (m,g) € M X G —
Ry(s(m)) € P, which is clearly smooth. Moreover, from the fact that the action is
free, one can deduce that it is injective and, using that Orb(p) = 7= (7 (p)), given
two elements p, q of a fiber 77! (m) there exists a unique g € G such that pg = ¢,
then W, is also surjective.

Definition 16. A morphism of fiber bundles =;: E; — M;, 1 = 1,2, is a map
V: F; — FE5 that maps fibers into fibers, 7.e. it induces a map ¢: M} — My such



that the following diagram commutes:

B —Y>E,

M1*>M2

that is mg o W = 1) o (7). Furthermore,

i) if mi: By — M;, i = 1,2, are vector (resp. affine) bundles, ¥ is a linear (resp.
affine) morphism if it is pointwise linear (resp. affine);

i) if m: P, — M;, ¢ = 1,2, are principal bundles with structure groups G,

i = 1,2, U is a principal bundle morphism if ¥ is pointwise a group ho-
momorphism, i.e. U(y-g) = V(y) - v(g) where v: G; — G» is a Lie group
homomorphism;

iii) if in addition ¥: P — P is a principal bundle automorphism over the identity,
that is Wo R, = Ryo W and ¢ = idys, then W is called a gauge transformation.

The previous notions of principal bundle automorphisms and gauge transforma-
tions can be recast from the infinitesimal point of view.

Definition 17. Let 7 : P — M be a principal fiber bundle with structure group
G.

i) A vector field X € X(P) is said to be invariant when it is invariant under the
action of G on P, i.e. Ry(X) = X.

ii) A vector field X € X(P) of a principal fiber bundle P is said to be vertical if
Tm(X)=0

Note 18. It is clear that if X is an invariant vector field then its flow {®;} com-
mutes with the action, that is, ®; o R, = R, o ®;. Moreover, if X is m-vertical,
the “induced flow” on the base is the identity map of M. Therefore, invariant ver-
tical vector fields X € X(P) of a principal fiber bundle P are called infinitesimal
gauge transformations since their flow are precisely 1-parameter groups of gauge
transformations.

Consider a principal fiber bundle G : P — M and assume that G acts on some
manifold F' on the left. Then we may define a right action on the product P x F
given by

geG.:PxF — PXxF
(v, f) — (Rg(y), Lg—2(f)=(-9.9"f)

This action on the product space P x F' allows us to construct a new fiber bundle
over M with typical fiber F.

Definition 19. The fiber bundle associated to G : P — M, is the bundle over M
given by P x¢ F := (P x F)/G whose projection is mpx . r([(y, f)la) := 7(y).

Example 20. Suppose that M has dimension m and set P = FM, the frame bundle
of M introduced in Example 12. If we consider the standard left action of the
structure group G = GI(R™) on F = R™, then the associated bundle P x¢g F is
just the tangent bundle TM. Given a class [(u, (A\!,...,A™))]g the corresponding
tangent vector is Y. A'v;, where {v1,...,vy,} are the elements of the linear frame
U.



Ezxample 21. Given an arbitrary principal fiber bundle G : P — M, consider the
adjoint action of G on its lie algebra g, given by Ad, := Te(Lg o Ry-1). Then, the
associated bundle ad P := P X g is a vector bundle with typical fiber g and it is
called the adjoint bundle of P. Moreover, the fibers naturally carry a Lie algebra
structure, inherited from the Lie bracket [-,-]4 on g:

[y, €0 (1, €2)la] g p = (1, —[€1, &2lg)]a s

making the adjoint bundle into a bundle of Lie algebras over M.

There is a relation between sections of the adjoint bundle and infinitesimal gauge
transformations in the sense of Definition 17.

Proposition 22. Let G : P — M be an arbitrary principal fiber bundle. Then,
there is a bijection between sections of the adjoint bundle ad P := P Xg g and
infinitesimal gauge transformations.

In order to prove it, we just have to realize that given [(y,&)]¢ then one can
associate the tangent vector X, € T) P by the formula X, = {p(y), where {p is the
infinitesimal vector field associated to £ € g. The equivariance comes from the fact

that [(y.€)]e = [(y - 9, Adg-1 §)]c, Vg € G.

2 Connections

Given an RF-valued function f: M — R* on a manifold M, one can consider the
notion of derivative (or, more generally, directional derivative along a tangent vector
v € TM). Now, given a fiber bundle 7: E — M, a section s € Sec(m) and a curve
~v on M with tangent vector X = %/(0), it is not possible to define the analogous

operator Dxs as
s — 1 2000 = 5(:(0)
h—0 h

because there is no way to go from the fiber E (1)) to Eg(y())- In order to do so,
we introduce the notion of connection. An extended treatise on this subject is the
classical book by Kobayashi and Nomizu [3]

Definition 23. An Ehresmann connection on a bundle m: £ — M is a w-horizontal
distribution, i.e. a distribution Hor: y € E +—— Hor(y) < T,E complementary to
the vertical bundle:

Hor(y) @ Verty(r) =T,E Vy e FE,
where Vert(m) = ker(m).

In adapted coordinates (z%,u®),

o) ({2 1)t v = ({2

where the functions H®(x%, u®) are the so-called Christoffel symbols of Hor(E).

Definition 24. A principal connection on a principal bundle G : P — M is a
connection H invariant under the group action, i.e. Ry(H(y)) = H(Rq4(y)).



Let & € g and consider the infinitesimal vector field £p on P, whose flow {¢;} is
just Reyp(se)- Since mo Ry = 7, then {p is a vertical vector field, i.e. {p € Vert ().
Thus, we can define a 1-form on P with values on the Lie algebra g as follows. Given
any X € T, P, we decompose it in its vertical and horizontal parts, X = XV + X h,
Then, w(X) := £ such that {p(y) = XV. Clearly, a vector X is horizontal if and
only if w(X) = 0. Reciprocally, given a vector valued 1-form w: TP — g, one can
define a horizontal distribution by

Hor(y) ={X € T,,P |w(X) = 0}.
We denote this horizontal distribution by Hor(w). Summing up,

Proposition 25. A principal connection H on a principal bundle G : P — M s
equivalent to an equivariant vector-valued 1-form w: TP — g (wo Ry = Adj10w)
such that w(&p) = £ for any & € g. The 1-form w is called the connection 1-form
or the canonical structure form associated to H. Moreover, H = Hor(w).

There is an object which can be canonically associated to any connection.

Definition 26. Given a principal connection H on a principal bundle G : P — M,
its curvature is the 2-form

QX,Y) = dw(X,Y) + [w(X),w(Y)],
where w is the canonical structure form associated to H.

The curvature allows us to characterize the integrability of the horizontal dis-
tribution. More precisely,

Theorem 27. The distribution associated with a principal connection is integrable
if and only if it is flat, that is, if and only if its curvature vanishes identically,

Q=0.

A principal connection H in a principal bundle G : P — M may be transferred
to its associated bundles. Let F' be a manifold such that G acts on it on the
left. Given a fixed point § € E = (P x F)/G, let (po, fo) € P x F be any class
representative of &y, that is &y = [po, fo]g. We define the horizontal subspace of TE
at & by

HOI‘gO(E) = (Tpo\p)(H(pO))7
where V: p € P+ [p, fo] € E. It can be shown that, since H is invariant, Horg, (F)

does not depend on the class representative of & and, therefore, it defines a con-
nection Hor(E) on E — M.

G:P— M E=52F M
A A
G acts on F
rincipal .
p p' s connection
connection



The covariant derivative. Consider the particular case where the associated
bundle E of a principal bundle P is a vector bundle, that is, when the typical fiber
F' is a vector space. Let H be a fixed principal connection in P and lets denote
by Hor(F) the associated G-invariant Ehresmann connection in E. Given a vector
field X € X(M), its horizontal lift X" € X(E) induces a flow 7;: E — E which is
an automorphism over the flow 7.: M — M of X. We then define the covariant
derivative of a section s: M — E along X at xg € M by the expression:

e Ta(s(m)) — s(wo)
V)((37())8 T }/E}% t )

where x; := 1¢(z9). In adapted coordinates,

0s®
ot

VXs:Xi< —H?os)ea,
where X = X'0/0z", s(x) = s%(z)ea(x), {€a(x)} is a smooth local basis around
xo € M, and H* are the Christoffel symbols of Hor(FE).

From the coordinate expression, it is clear that the covariant derivative V is
tensorial with respect to the vector field X. Therefore, it may be seen as a map
V: Sec(E) — Sec(T*M @) E). Moreover, there is a unique natural extension of V

to an (exterior) covariant derivative V: Q4,(E) — Q3F(E), for any r > 0, where
O (E) :==Sec(A"M @ E).

Ezxample 28. If P = FM is the frame bundle of M, F = T'M is the tangent bundle
of M and Hf'j are the Christoffel symbols of a linear connection in M, i.e. a principal
connection H in FM. Then, the Christoffel symbols of the associated connection
Hor(TM) are HE(2% v') = —Hfj(wi)vj (the Christoffel symbols are linear with
respect to the fiber coordinates) and the covariant derivative we have just defined
coincides with the usual covariant derivative associated to a linear connection:

S(OYE N D

The divergence operator. The usual divergence operator on the vector fields
X of a manifold M is defined as the operator

divy,: X(M) — C™(M)
X +— divy, X s.t. d(ixn) =div, X -,

where 7 is a fixed volume form over M. Besides of being R-linear, this operator
satisfies the Leibniz rule:

div, (f - X) = (df, X) + f - div, X, f€C®(M), X € X(M).

Similarly, one may define a divergence operator on the sections of TM ®j; ad* P
when a connection H in P has been given (in addition to a volume form 7 on M).
This divergence operator is the map?

div)t: X(M;ad* P) — C*°(M;ad* P)
X — divnHX st. Vi(iyn) =n® divnHX.

2We use here the notation C*°(M;ad* P) := Sec(ad® P), X(M;ad" P) := Sec(TM ®j; ad* P) and
Q(M;ad* P) := Sec(T*M ®p; ad® P) since it is more suggestive.



Note that ixyn € Q(M;ad* P), hence V' (iyn) € Q™(M;ad* P) and divnHX is
well defined. As the usual divergence operator, this one is R-linear and satisfies a
Leibniz type rule too:

divy (€, X)) = (VHE, X) + (¢, div]E X)), £ e€C®(M;ad P), X € X(M;ad* P).

3 Jet bundles

One of the models of Classical Field Theory is to think of a classical field as a section
of fiber bundle, where the base space represents the space-time and the total space
represents the configuration space. In order to work in an invariant and geometric
form with the derivatives of the fields, i.e. the sections of the fiber bundle, one goes
through the theory of jet bundles. The reader is referred to the books of Saunders
[4] and Binz et al. [1].

Two local sections sy, sy € Sec,(m) of a bundle 7: E — M are equivalent at
x € M if s1(z) = so(x) and T,s1 = Tysz. This defines an equivalence relation in
the set of local sections around zx.

Definition 29. The Ist-jet of a (local) section s € Secy(m) at « € M is the
equivalence class of the previous relation to which s belongs and it is denoted j.s.
The collection of such equivalence classes over M is called the Ist-jet bundle of 7
and denoted

Jin = {jls : 2 € M, s € Secy(m)}.

Proposition 30. The 1st-jet manifold J'w of a fiber bundle 7: E — M may be
endowed with a smooth structure manifold. Moreover, adapted coordinates (x*,u®)
on E induce coordinates (x%,u®, u®) on Jim such that

. , O(u*os
Pk = a'(e), 0 Ghe) = u(s(a)) and wd(iks) = 200

T T

Given a couple of adapted coordinates on E, (z¢,u®) and (y7,v?%), they induce
coordinates (zf,u®, u¢) and (y/,v” ,vf ) on Jim. The change of coordinates is then
given by the expression

5 <8v5 a@lﬁ) oz’

K o " Gue oy

Corollary 31. The 1st-jet manifold J'm of a fiber bundle 7: E — M is a fiber
bundle over M and an affine fiber bundle over E. The projections are given by

Jiw % E 771’0(‘]';8):8(56) (W1,0($i’ u®, u?):(xi’uoc) )
R l m1(Jps) = (m (', u, uf)=(a") )

M

m1 and 71,0 are called respectively the source and the target projections.

Note 32. Whenever m: E — M is a vector bundle, so is m: J'mr — M, even
though 7 9: J lr — F remains affine. But, whenever 7 is trivial, that is whenever
E = M x F (and whatever the fiber structure be), then 71 : J'm — E may be
endowed with a vector bundle structure by using the constant sections of 7: E =
M x F — M. More precisely, J! pr; 2 T*M x TF where pry: M x F — M is the
projection into the first component.



Let us consider now sections of the jet bundle and its relation with connections.
Definition 33. The sections of the target projection m g are called jet fields.

A jet field generalizes the concept of a vector field. Instead of depending on a
single parameter, like does the flow of a vector field, the “flow” of a jet field would
depend on multiple parameters (in the base manifold). Moreover, they permit to
give a new interpretation of Ehresmann connections.

Proposition 34. Given an arbitrary fiber bundle m: E — M, consider its 1st-jet
manifold J'w. The set of jet fields, Sec(m1,0), and the set of Ehresmann connections
m w: B — M are in bijective correspondence.

The proof is quite simple. The idea is based on the following: Given a jet field
o € Sec(m1), at each point y € E, o(y) is seen as a linear map from T, M to
Ty, E. Using this linear map, we define Hor(y) C Ty E to be the image of T,y M by
o(y).

Conversely, given an Ehresmann connection with horizontal distribution Hor(E),
we define a jet field o3y € Sec(m1 ) in such a way that, for any y € E, oy(y) is the
linear map from 77,y M to T, E whose image is Hor(y) and projects to the identity.

In the same way that a jet generalizes the concept of a tangent vector, we may
generalize the concept of a tangent map, although it is a bit more restrictive.

Definition 35. Given two fiber bundles (E,7, M) and (F,p,N), let &: E — F
be a fiber bundle morphism such that the base transformation ¢: M — N is a
diffeomorphism. The 1st prolongation of ® is the map

jl@: jls e Jin '—>j¢1)(z)(®080¢71) e Jp.

Note 36. Note that the first prolongation j'® of a morphism ® is both, an affine
morphism between (J 7, w1 o, E) and (J'p, p10, F), and a morphism between (J'm, 7, M)
and (J!p, p1, N). In each case, the induced functions between the base spaces are
® and ¢, respectively.

If (2%, u® u?) and (yj,vﬁ,v]@) denote adapted coordinates in J'7 and J'p, re-
spectively, then we have

, dos  9g— oHPb OdP D~
Bl i, o) . — & .
v; (G 2) (", u®,uf)) = —— Dy (axi o c‘)ua> oyl

The expression d/dz’ = 0/0x'+u?d/0u® is know as the total coordinate derivative.

1
Jin ! le
1,0 £1,0 \
\\
jls E @ F Ilj1(<1>oso¢rl)

10



Definition 37. Let (E,m, M) be a fiber bundle. Given a vector field on the total
space, X € X(FE), we defines its 1st-jet prolongation to J'm as the vector field
X e %(J'7) locally given by the expression

B 0 (0X*  LOXT\ 0
T ot ou®

xM = xi X YL ekl
+ or? Y ozt ) ou®’

where X = X'0/0x" + X“0/0u®.

Note 38. It is easy to show that, if X is m-projectable (or in particular vertical)
and ®; is its flow, which is a family of bundle automorphisms, then the flow of X
is just the 1st-jet prolongation j'®;.

Jet bundles and principal bundles. Now, let G : P — M be a principal
fiber bundle. The action of G on P induces an action of G on J'7: For each g € G,
R, is an automorphism of P over the identity. We define the (left) action of g € G
on J'7 as the first prolongation of R, and, by abuse of notation, we denote it with
the same symbol, that is

Ry(jrs) = jL(Ry0s), s € Secy(r).

The quotient of J'7 by this induced action will be of particular interest. In fact,
we have that

Proposition 39. The set Conn(P) := J'7/G is an affine bundle over M = P/G,
called the bundle of connections. Moreover, it is modeled over the vector bundle
T*"M QpadP — M.

Note 40. Fixed a connection H on the bundle P, let o3y: M — Conn(P) be the
associated section of the connection bundle. Recall that Conn(P) is an affine bundle
over M, therefore oy allows us to identify it with the vector bundle it is modeled
over, that is, with T*M ®j; ad P. The identification works as follows: To each
o € Conng(P) corresponds the unique element o ® §& € T*M ®j; ad P such that

o=on(x)+a®f, ie the element oy (z)oc = a ®E.

Note 41. Let ®: P — P be a principal bundle automorphism (or a gauge transfor-
mation). Since ® o R, = R, o @, its first prolongation j 1 passes to the quotient
inducing an automorphism ®¢: Conn(P) — Conn(P) (over the same base diffeo-
morphism).

This can be reproduced infinitesimally. If X € X(P) is an projectable invariant
vector field (or an infinitesimal gauge transformation), then its {®;}icr is a 1-
parameter group of principal bundle automorphisms. Therefore, the induced family
{P¢}er in Conn(P) defines a vector field X¢ € X(Conn(P)), which projects over
the same vector on M.

Corollary 42. Let G : P — M be a principal fiber bundle. The set of equivariant
jet fields, that is the set of sections o € Sec(mi) such that Rgoo = oo Ry for
any g € G, and the set of principal connections in w: P — M are in bijective
correspondence.

Note 43. By passing to the quotient, to give a section of J'w/G — M would
be equivalent to give an equivariant section of J'm — P and, thus, a principal
connection.

11



Moreover, if ® is a gauge transformation, then ®¢ maps principal connections into
principal connection: For instance, if w: TP — g is a connection 1-form and
we define a new connection 1-form w’ = (®~!)*w then, considered as sections of
Conn(P) — M, we have that w' = ¢ o w.

4 Calculus of variations

Classically, the theory of mechanics seeks for curves ¢: R — @) in a configuration
space () that optimize, for a given function L: R x T'QQ — R, an integral functional
of the type
t1
/ Lt (1), &(1)) dt .
to
Recall that, if we consider the trivial bundle pri: R x Q — R, we have J! pr; =
R x T'Q. If we think of the curves c: R — @ as sections of the trivial bundle R x Q),
then L may rather be seen as a function L: J'pr; — R. Now we extend this idea

to general fiber bundles 7: £ — M.

Definition 44. Given a fiber bundle n: E — M, a Lagrangian function is a func-
tion L: J'm — R. The associated integral action is the functional

Ap(s) == /MLols)n,

where 7 is a fixed volume form on M.
A critical section of Ay is a section s € Sec(w) for which the derivative of Ay, is
null, that is, a section such that

Aol = g | [ 26t

for any variation s; of s.

Note 45. In classical field theory, it is usually assumed that the base manifold M
is an oriented smooth manifold endowed with a fixed volume form n € Q™(M).
In addition and for simplicity, we will also assume that M is a smooth compact
manifold without boundary.

Theorem 46 (Euler-Lagrange equations, [1, 4|). Given a Lagrangian function
L: J'm — R, critical sections of the associated integral action Ay, are characterized
by the Euler-Lagrange equations:

o a oLy _,
ou®  dz' \ Juf o

where d/dz’ is the total coordinate derivative

i i_FuO‘ 0 +uai
- Wauf"

dzi Ozl I ue
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Note 47. It is important to point out that the Euler-Lagrange equations are of
second order. In fact, they are defined in the 2nd-jet manifold J?=, which is defined
similarly to the 1st-jet manifold J'7 and which is an affine subbundle of the iterated
Ist-jet manifold J'7;. Even though it would be interesting to define and study with
detail these objects, it is not the purpose of these notes. The reader should refer to
[4] for further details.

Definition 48. Given a Lagrangian function L: J'r — R, a vertical vector field
X € X(E) is said to be a symmetry of L if the Lagrangian is constant along x@),
that is if

X(L)=0 or Loj'®d =1L,

where ®; is the flow of X.

Theorem 49 (Noether). There is an m-form Oy in J'm such that if X if a sym-
metry of L, then
d[(4's)* (ix©r)] =0,

for any critical section s € Sec(w) of Ap.

Euler-Poincaré reduction. We now consider the case of a field theory where
the configuration bundle space is a principal fiber bundle 7: P — M with structure
group G. In such a case, symmetries of a Lagrangian L: J'm — M are assumed
to be infinitesimal gauge transformations. Therefore, L will be invariant along
any £p, with £ € g if and only if it is invariant under the induced action of the
structure group G, sort of speaking G is the group of symmetries of L (assuming
G is connected).

e(L)=0veeg < Loj'Ry=LVgeq

Therefore, if we assume that the group of symmetries of L is the whole of the
structure group G, we then may define a function [: Conn(P) = J'n/G — R,
which is called the reduced Lagrangian function.

The following theorem relates critical sections for G-invariant Lagrangian func-
tion L and critical sections for the reduced Lagrangian function [. Some of the
technical aspects of the theorem’s assertions are explained afterward.

Theorem 50 (Euler-Poincaré reduction [2]). Let L: J'm — R be a G-invariant
Lagrangian. Lets: M — P be a (local) section and o: M — Conn(P) be the induced
reduced (local) section, o = po j's. Hence, the following points are equivalent:

i) so is critical for any infinitesimal variation §s.

i1) so satisfies the Euler-Lagrange equations.
i11) og is critical for any infinitesimal variation o = Von, n € Sec(ad P).
i) oo satisfies the Euler-Poincaré equations:

ol
dngO |:50 o 0'0:| =0.

Note 51. Thanks to the G-invariance of L, in order to compute its infinitesimal vari-
ation along a section, one only needs to consider infinitesimal gauge transformations
¢r € X(F), with £ € g, instead of arbitrary vertical vector fields X € X(FE). It turns

out that, then, T,u(fg)) € X(Conn(P)) is of the form V7 for some n € Sec(ad P),
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where p: P — Conn(P) is the canonical projection. That is, to consider variations

§(j's) for L of the form fg), where {g € X(F) is an infinitesimal gauge trans-
formation, is equivalent to consider variations do for [ of the form V77 for some
1 € Sec(ad P).

Note 52. The variation of the reduced Lagrangian [ with respect to the variation
of a fixed connection o, € Conn(P) is defined as its fiber derivative at o,. Recall
that the connection bundle is an affine bundle modelled over the vector bundle
T*M ®pr ad P. Therefore, 61/do is the fibered map

ol
—: Conn(P) — TM ®)ad* P
oo
dl
—_— —
Tz (50’ Oz
where sl
—| TyM®ad, P — R
(50’ Oz

d
A s 5[1(%“-14)])

Note that SSTZ: o0g € X(M;ad" P) for a fixed connection og: M — Conn(P).

t=0

Note 53. The Euler-Poincaré equation is of first-order.

Note 54. If 0g: M — Conn(P) is an arbitrary fixed connection, then

<0 __ 1:<,00 *
divy =divy® +ad,_,, -

Hence, the Euler-Poincaré equations may be rewritten in the form

. oo | 01 . ol
divy? [60} +ad;_,, {50} =0

Whenever P is trivial, .e. P = M x G, the bundle of connections Conn(P) has
a canonical vector bundle structure and a distinguished connection may be chosen
“g9 = 0”. Then, the Euler-Poincaré equation simplifies to

) ol ol
le"] |:60':| —+ ad:. |:60':| = O y
where div,, is the usual divergence operator on M. If in addition we assume that

M =R, which corresponds to the case of Classical Mechanics, then we recover the
classical Euler-Poincaré equations of mechanics

d [dl . [dl

a |:50_:| —i—ada |:50_:| =0.
Corollary 55 (Reconstruction). The FEuler-Lagrange equations of a G-invariant
Lagrangian are equivalent to the Fuler-Poincaré equation plus the flatness of its
solutions (compatibility condition). More precisely, if o: M — Conn(P) is a flat
connection (Curv(c) = 0) that satisfies the Euler-Poincaré equation, then its inte-
gral sections s: M — P (u(j's) = o) satisfies the Euler-Lagrange equations.

Proposition 56. Let L: J'm — R be a G-invariant Lagrangian. Let s: M — P
be a (local) section and o: M — Conn(P) be the induced reduced (local) section,
o = pojls. Hence, the following points are equivalent:
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i) s satisfies the Noether conservation law for any & € g:
d((5'8)" (i, ©L)] = 0.
P

i1) o satisfies the Euler-Poincaré equations:

ol
divy |—| =0.
vy {50} 0
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