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The Lie family concept

Definition

A Lie family is a set of (maybe nonautonomous) systems of
first-order differential equations on a manifold N, admitting a
common time-dependent superposition rule, i.e. a function of
the form F : R x N™ x R” — N such that the general solution,
x(t), of any particular instance of the family can be written, at
least locally, as

x(t) = I_-_(t,x(l)(t)7 o Xmy ()i k1, kn), n=dimN,

in terms of each generic family x(1)(t), ..., Xm)(t) of particular
solutions of the system and a set of constants ki, ..., k.
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Example of Lie family

Consider the family of equations

dx

pm = (t+x) + b(t)(1 + t + x)3,

with b(t) any arbitrary time-dependent function. It can be proved
that for any instance of the above family, its general solution can
be written as

x(t) = ((a(t) + t+1)2 4+ ke 2)7Y2 ¢ 1,

in terms of a generic particular solution x(1)(t) of such an instance
and a real constant k. Obviously, the common superposition rule
in this case is the function F : R x R x R — R of the form

F(t,xa) k) = ((xq) +t+1) 2 + ke 2) 72 — ¢ — 1.
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The Lie family concept

The interest on common Lie families relays, among other reasons,
on the following facts:

@ When studying a Lie family, the problem of solving any
differential equation of the family reduces to obtaining a finite
set of particular solutions.
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@ They describe, as particular cases, Lie and quasi-Lie systems.
As a consequence, the analysis of Lie families permits us to
recover the properties of that systems from a more general
point of view.
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Which families of first-order differential equations admit a common
time-dependent superposition rule?




Which families of first-order differential equations admit a common
time-dependent superposition rule?

Characterization of Lie families

| A

A family of (nonautonomous) systems {X;}ccn is a Lie family if
and only if each element X(t, x) of the family admits it
autonomization X(t, x) to be cast into the form

Xe(t,x) = bea(t)Xa(t, %),
a=1

where the X, are time-dependent vector fields, the denominated
generators of the family, such that that there exist r3 functions
fo(t) satisfying that

r

Koo Xsl(£, %) = fapr()X,(t,x),  a,B=1,...,r.
y=1




Given a Lie family {Xc}cen, the method to obtain its common
time-dependent superposition rule goes as follows:

o Consider a set of generators of the Lie family, e.g. the
time-dependent vector fields on R”, of the form

xa(t,x):Zx;(t,x)ii, a=1,...,r
i=1

Note that these generators can be always chosen in such a way
that their autonomizations are linearly independent over R.
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i=1

Note that these generators can be always chosen in such a way
that their autonomizations are linearly independent over R.

@ Consider the so-called time-prolongations of the elements of
this set of generators, i.e. the vector fields on R x R"™ of the
form

9 m n . 9
ot + ;; a(tax(a))ax(,a)v «a ’ s

such that the above vector fields are linearly independent at a
generic point. Therefore, note that r < n-m+ 1.



Let us denote by X, the time-prolongations to R x R™(m+1) of
the time-dependent vector fields X,. It can be proved that

r r
[Xa, X5] = Z fapy (1) Xy = [Xa, Xg] = Z fopy (1) Xy,
v=1 y=1
fora, 3 =1,...,r. Consequently, the elements of the set of

generators of the Lie family give rise to a generalized
distribution D on R x R™™+1) with rank lower or equal to r
of the form

Dy = (Xa(p), -, Xe(p)).



@ Let us denote by )N(a the time-prolongations to R x R"m+1) of
the time-dependent vector fields X,. It can be proved that

r r
[Xa, X5] = Z fapy (1) Xy = [Xa, Xg] = Z fopy (1) Xy,
=1 =1
fora, 3 =1,...,r. Consequently, the elements of the set of

generators of the Lie family give rise to a generalized
distribution D on R x R™™+1) with rank lower or equal to r
of the form

Dy = (Xa(p), -, Xe(p)).

@ As r < n-m+1, the vector fields in the above involutive
distribution admits, at least locally, n first-integrals common
to all of them. These first-integrals are constant of the motion
of the systems of the initial family, and they give rise to the
common time-dependent superposition rule.



Abel equations

Consider the family of Abel equations

dx
— =t + bR+t +x)°,
with b(t) any arbitrary time-dependent function. These equations

are described by the family of time-dependent vector fields
3y 0
Xp(ry = ((t+x) + b(t)(1 + t + x)°) P

Note that Xp(;) = (1 — b(t))X1 + b(t)Xz, where

)
Xo=((L+t+x)°+t+x)

0
Xlz(t+X) a,

aa

which satisfy that [)_(1, )_(2] = 2X, — 2X;. Hence, the family of Abel
equations {Xp(y)|b(t) € C*°(R)} is a Lie family.
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Let us apply our method to obtain a common superposition rule
for Abel equations.

@ The vector fields X; and Xp, i.e. the time-prolongations to
R x R, are linearly independent over R.
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@ The method of characteristics can be applied to obtain the
first-integrals of the distribution spanned by the above vector
fields and, as result, it can be found that their corresponding
first-integral reads

k=€ ((xqy+t+1)72—(x+t+1)7?),

which is also a constant of the motion of any Abel equation of
the initial Lie family.

@ Finally, the general solution of any instance of the above
equation can be written as

x(t) = ((xa(t) + t +1)72 + ke 2)7Y2 ¢t _1,

in terms of a particular solution x(;)(t) of such an instance
and a real constant k.
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Dissipative Milne—Pinney equations

Another example of Lie family is associated with dissipative
Milne—Pinney equations of the form

X = F(t)x + w?(t)x + e F(Ox3,

If we add a new variable v = X, it can be proved that the
first-order system

X =V,
x = F(t)v + w?(t)x + e FOx73,

where F(t) is fixed function and w(t) is any time-dependent
function, are a Lie family. Applying the method previously detailed,
it can be found a common time-dependent superposition rule for
this family. In particular, it can be proved that

x(t) = \/klx(zl)(t) + kaxy(t) + 2\/)\12(—(x(41)(t) + 5% (1)) + by (£)xGy) (1))
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