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Polysymplectic manifolds

DEFINITION

Let M be a differentiable manifold. A polysymplectic structure on M is a
family (w1, .. .,wk) where:

o wa € N?(M) are closed 2-forms and

° ﬂ kerwa = {0}.

A=1

(M,w1,...,wk) is called a polysymplectic manifold.
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(TH'Q=T"QD .*. oT*Q
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Polysymplectic manifolds

o (TH'Q=T"Q® .*. oT*Q
o Projection map
7('62 TQp .k.oT"Q — @

(alq,...7akq) = q
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Polysymplectic manifolds

o (TH'Q=T"Q® .*. oT*Q
o Projection map

7('62 TR K. oT'Q — @
(01gs- .-, 0ug) — q
o Canonical polysymplectic structure on (T#)* Q.
wa: = (WS’A)*w, 1<A<k
where

s

kA * *
o Ty :(T,}) Q—TQ, T (a1q7"'7akq):aAq

o w is the canonical symplectic structure of T*Q
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Marsden-Weinstein reduction

POLYSYMPLE

A polysymplectic Hamiltonian space is a family (M, wx, ..., wk; @, J) formed
by:
o A polysymplectic manifold (M, w1, ..., wk),

@ A polysymplectic action ®: G x M — M

e A coadk—equivariant momentum map for ¢,
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Marsden-Weinstein reduction

POLYSYMPLE

A polysymplectic Hamiltonian space is a family (M, wx, ..., wk; @, J) formed
by:

@ A polysymplectic manifold (M, ws, ..., wk),

@ A polysymplectic action ®: G x M — M

e A coadk—equivariant momentum map for ¢,
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Marsden-Weinstein reduction

POLYSYMPLEC

DEFINITION

A polysymplectic Hamiltonian space is a family (M, wx, ..., wk; @, J) formed
by:
o A polysymplectic manifold (M, ws, ..., wk),

o A polysymplectic action ®: G x M - M
bwa = wa

forallge Gandall A=1,... k.

o A coad*-equivariant momentum map for ®,
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Marsden-Weinstein reduction

POLYSYMPLE

A polysymplectic Hamiltonian space is a family (M, wx, ..., wk; @, J) formed
by:
o A polysymplectic manifold (M, w1, ..., wk),

@ A polysymplectic action ®: G x M — M

o A coad*-equivariant momentum map for ®,
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Marsden-Weinstein reduction

MOMENTUM

DEFINITION

Let (M,w1,...,wk) be a polysymplectic manifold and ®: G x M — M be a
polysymplectic action. A map

J=Y . 0 M= gt x koxg”
is said to be a momentum map for the action ¢ if
ieywa=dJ{ forallé cgand A=1,... k

where jg‘ : M — R is the map defined by
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Marsden-Weinstein reduction

MOMENTUM

A momentum map J = (J*,...,J%): M — g*x .k. xg"* is said to be
coad*-equivariant if

J(®,(x)) = coadfJ(x) , Vg € G,x € M.

M4J>g*>< Koxg*

&g l \L coadé‘

M*J>g*>< Koxg®

coad! (1) = coad: (s, 1) = (coads (jua), . ., coads (juk))
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Marsden-Weinstein reduction

THEOREM (REDUCTION THEOREM )

Let (M,ws, ... ,wk; ®,J) be a Hamiltonian polysymplectic space and
w=(p1,..., k) € g*x .%. xg" be a regular value of J. We denote by
i:S=J7Y(u) = M the canonical inclusion.

\
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Marsden-Weinstein reduction

THEOREM (REDUCTION THEOREM )

Let (M,ws, ... ,wk; ®,J) be a Hamiltonian polysymplectic space and
w=(p1,..., k) € g*x .%. xg" be a regular value of J. We denote by
i:S=J7Y(u) = M the canonical inclusion.

Let us suppose that:
k
o The distribution ﬂ ker(i*wa) has constant rank
A=1
e S/Fs is a manifold and the canonical projection w: S — S/Fs is a
submersion.

\
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Marsden-Weinstein reduction

THEOREM (REDUCTION THEOREM )

Let (M,ws, ... ,wk; ®,J) be a Hamiltonian polysymplectic space and
w=(p1,..., k) € g*x .%. xg" be a regular value of J. We denote by
i:S=J7Y(u) = M the canonical inclusion.

Let us suppose that:
k
o The distribution ﬂ ker(i*wa) has constant rank
A=1
e S/Fs is a manifold and the canonical projection w: S — S/Fs is a
submersion.

Then there exist a polysymplectic structure
(alsﬁ M ) af)
on S/Fs such that for all A=1,...,k

*~S ok
WA = i"wa

v

Silvia Vilarifio Fernandez Polysymplectic manifolds and M-W reduction



Marsden-Weinstein reduction

k
Can we assure that the distribution ﬂ ker(i*wa) has constant rank?
A=1
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Marsden-Weinstein reduction

K
Can we assure that the distribution ﬂ ker(i*wa) has constant rank?
A=1

Ifx € J7Hu) = I (pa, - - -, k) then

K
T(Gu - x) C ﬂ ker i*wa(x)

A=1
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Polysymplectic manifolds

Marsden-Weinstein reduction
Kirillov-Kostant-Souriau theorem
References

k

Can we assure that the distribution ﬂ ker(i*wa) has constant rank?
A=1

k

When can we assure that T,(G, - x) = ﬂ ker i*wa(x) for each x € J=1(u)?
A=1
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Marsden-Weinstein reduction

For each A=1,..., k we shall prove that
(ker (J4)«(x)
ker wa(x) =il
,xeJ (u
TEwC /€ € g} ()
is a symplectic vector space.
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Marsden-Weinstein reduction

STEP 1

For each A=1,..., k we shall prove that

(i)

{lEm0IT /€ € gua}

is a symplectic vector space.

,x € J7H ()

STEP 2

We shall define a linear map

~A . TX(Jil(N))
X TGy - x)

such that:

Silvia Vilarifio Ferndndez

= Ti(J 7 (1)/ Gu) —

(ker(JA)*(x) )
ker wa(x)
{Em()] /€ € gua}
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Marsden-Weinstein reduction

STEP 1
For each A=1,..., k we shall prove that
( ker (J4)(x) )
ker wa(x) =il
,x€eJ
TEwC /€ € g} &

is a symplectic vector space.

STEP 2

We shall define a linear map

7 DO /6 — et L

«(Gp -
such that: if 72 is a linear epimorphism and (5_, ker 74 = {0} holds then

T(G. - x) = ﬂ ker i*wa(x) x € JM(w)

A=1
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Marsden-Weinstein reduction

LEMMA (STEP 1)

Let (M, w1, ...,wk; P, J) be a Hamiltonian polysymplectic space and
w=(pa,..., k) € g*x .%. xg" be a regular value of J. Then for each

A=1,... k
(ker (JA)*(X))
ker wa(x)
{lEm(x)]/ € € gua}

is a symplectic vector space.

,x € J7H ()
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Marsden-Weinstein reduction

ker (J%)«(x) ;XA> <M
pr” prd
ker (J4).(x) i .M
ker wa(x) ker wa(x)
7

(ker (JA)*(X))

ker wa(x)

{Em(x)]/ € € gpua}
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Marsden-Weinstein reduction

PFJA PFAA
ker (J4).(x) i .M
ker wa(x) ker wa(x)
Pra

(ker (JA)*(X))

ker wa(x)

{Em(x)]/ € € gpua}

Silvia Vilarifio Fernandez Polysymplectic manifolds and M-W reduction



Marsden-Weinstein reduction

A
IX

ker (JM)u(x) , wy,(x) —— TuM | wa(x)

PFJA PFAA
ker (J4).(x) i .M
ker wa(x) ker wa(x)
Pra

(ker (JA)*(X))

ker wa(x)

{Em(x)]/ € € gpua}
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Marsden-Weinstein reduction

A
IX

ker (JM)u(x) , wy,(x) —— TuM | wa(x)

pr‘jA PTAA
ker (JA).(x) —— i .M
ker wa(x) » @) ker wa(x)
Pra

(ker (JA)*(X))

ker wa(x)

{Em(x)]/ € € gpua}
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Marsden-Weinstein reduction

A
IX

ker (JM)u(x) , wy,(x) —— TuM | wa(x)

pr‘jA PTAA
ker (JA).(x) —— i .M
ker wa(x) » @) ker wa(x)
Pra

(ker (JA)*(X))

ker wa(x)

(Em()T/E € gyt *

(%)
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Marsden-Weinstein reduction

STEP 2

We shall define a linear map
ker(J%).(x)
ker wa(x)

[Em()]/ € € gua}

4 T _

* TGy x) T~ (1)/ Gu) —

such that:
If %4 is a linear epimorphism and (_, ker 74 = {0} holds then

T(Gu - x) = ﬂ ker i*wa(x) x e JM(w)

A=1
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Marsden-Weinstein reduction

LEMMA

Let (M,w1, ... ,wk; ®,J) be a Hamiltonian polysymplectic space and
w=(p1,..., k) € g*x .%. xg" be a regular value of J.

If G, acts freely and properly on J=*(p), then:
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Marsden-Weinstein reduction

LEMMA

Let (M,w1, ... ,wk; ®,J) be a Hamiltonian polysymplectic space and
w=(p1,..., k) € g*x .%. xg" be a regular value of J.

If G, acts freely and properly on J=*(p), then:

o The orbit space J~'(11)/G,. is a manifold with the canonical projection
7t J7H ) = J7H(w)/ G, a submersion.
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Marsden-Weinstein reduction

LEMMA

Let (M,w1, ... ,wk; ®,J) be a Hamiltonian polysymplectic space and
w=(p1,..., k) € g*x .%. xg" be a regular value of J.

If G, acts freely and properly on J=*(p), then:

o The orbit space J~'(11)/G,. is a manifold with the canonical projection
7t J7H ) = J7H(w)/ G, a submersion.

. UMW) . TW)
® TruolU (/@) = T @50 = () /€ €00

o Tu(J7H (1)) = Mi_y ker (J4):(x)
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Marsden-Weinstein reduction

LEMMA

Let (M ws, ... ,wk; ®,J) be a Hamiltonian polysymplectic space and
w=(p1,--., k) €g*x .%. xg* be a regular value of J.

If G, acts freely and properly on J™*(p), then one can define a linear map

(ker(JA)*(x))

ker wa(x)

TN
= =T EvCIT/€ € 8,1)

TG ) (7 (1)) Gu) —
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Marsden-Weinstein reduction

T (w) — > ker (). (%)
(1) (%) o
T (J (1) ker (J*)«(x)
T«(Gy - x) ker wa(x)

A

<ker(JA)*(x)>

ker wa(x)

{[Em(I]/ € € gua}
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Marsden-Weinstein reduction

T ()

(7p) = (%)

Te(J " (1))

T«(Gy - x)

Silvia Vilarifio Ferndndez

ker (JA

)<(x)

ker wa(x)

A

<ker(JA)*(x)>

ker wa(x)

{[Em(I]/ € € gua}
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Marsden-Weinstein reduction

T J () — > ker (JA).(x)
71,A
(1) (%) 4 o
T (J (1) ker (J%)«(x)
TX(G/,L 'X) keI’UJA(X)
A
8 7

<ker(JA)*(x)>

ker wa(x)

{[Em(I]/ € € gua}
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Marsden-Weinstein reduction

EOREM

K
If7rx is an epimorphism and ﬂ ker7T =0 then
A=1
Qﬂkerwa)_ «(Gu - x)
A=1
K
Q ﬂ ker wh (x) = {0}
A=1
and then (W, ... ,w!) is a polysymplectic structure on J='(u)/G,..
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Marsden-Weinstein reduction

Sketch of the proof

Tod (1) — s ker (JA).(x)
71,/-’\

CNE 4 o
T4~ (W) ker (J*)«(x)
TX(G/J. 'X) keI’OJA(X)

=A
8 B

(ker(JA)*(x)>

ker wa(x)

{lEm(x)] /€ € ga}




Marsden-Weinstein reduction

Sketch of the proof

JA

TXJ_I(/'L) —> ker (JA)*(X) y Wiy (X)
71_A
(74 () . o’
TG %) herwalx)
A
& A

(ker(JA)*(x)>

ker wa(x)

{lEm(x)] /€ € ga}




Marsden-Weinstein reduction

Sketch of the proof

JA

Ted ™M (), wa(x) ——— ker(

(W;L)*(X)

(4" (W)
T«(Gy - x)

Silvia Vilarifio Ferndndez

ker (JA

JA)*(X) y Wia (X)

):(x)

ker wa(x)

(ker(JA)*(x)>

ker wa(x)

PrA

{Em()] /€ € guat

(x)
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Marsden-Weinstein reduction

Sketch of the proof

JA

T (), wilx) = ker (JN)u(x) , wy,(x)

(W;L)*(X)

TU)
T(G,-x) 4

Silvia Vilarifio Ferndndez

ker (J)(x)
ker wa(x)

PrA

(ker(JA)*(x)>

ker wa(x)

{Em()] /€ € guat

(x)
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Marsden-Weinstein reduction

LEMMA

If

(TS T I T T IR
ker OJA(X) = TJl(X)g* X ... X T_]A—l(x)g* X TJA+1(X)Q* X ... X TJk(X)g*
is a linear epimorphism then

ker(J*)«(x)

o (7 (1) — ker wa(x)

is epimorphism and induces the following epimorphism,
ker(J*)«(x)
7;2: T.(J7 (1)) . ker wa(x)
T(Gy - x) {100 /€ € guat
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Marsden-Weinstein reduction

Sketch of the proof

JA

T (), wilx) ———ker (JN)u(x) , wy,(x)

(W;L)*(X)

TU)
T(G,-x) > 4
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ker (J)(x)
ker wa(x)

PrA

(ker(JA)*(x)>

ker wa(x)

{Em()] /€ € guat

(x)
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Marsden-Weinstein reduction

LEMMA
If there exists Ao € {1, ..., k} such that

T«(Gp - x) N (ker wag(x) + ker wa(x)) = {0} VA=1,... k

and the map
gqu + Oua — T<M, £_>€M(X)

is one to one for each A=1,..., k then

ﬂker;rz*:{O}.

A=1
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Marsden-Weinstein reduction

MARSDEN-WEDR

THEOREM

Let (M,ws, ... ,wk; ®,J) be a Hamiltonian polysymplectic space. Assume

o = (u1,..., k) € g°X .5. xg* is a regular value of J and that
o G, acts freely and properly on J='(u).

If for each x € J7(p):
Q (T, ..., LI T UM L ThJY) : ker wa(x) —
T8 X oo X Tiac198" X Tjarn@" X ... X Tng" is a linear
epimorphism and,
Q@ there exists Ao € {1, ..., k} such that

T«(Gu - x) N (ker way(x) + ker wa(x)) ={0} VA=1,... k

and the map
Gra, + Oua — M, &§— €M(X)

is one to one foreach A=1,...,k
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Marsden-Weinstein reduction

MARSDEN-W

THEOREM

Then the orbit space J~'(u)/ G, has a only polysymplectic structure
(wi, ..., wi) with the property

Tawh = ifwa, VYA=1,...,k,

where m,: J7 () — J 7 (1)/ G, is the canonical projection and
i J7*(u) — M is the inclusion.
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Kirillov-Kostant-Souriau theorem

KIriLLOV-KCc

o Let G be a Lie group.
o Let ® be the action of G on itself by left traslations.
o Consider the induced action 7 on (TE)*'G=T"G®...d TG

o7 G x (TH)G — (TL)*G

(g',(alg,...,akg)) — ((Tk*Lg/71)(a1g,...,ockg))
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Kirillov-Kostant-Souriau theorem

Momemtum mapping of the action o7 s
J=(S1 ..., JN: (TH)*G -  g*x .k xg*

(a1g,-- - akg) —  (c1go(Rg)«(e), ..., kg o (Re)s(e))
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Kirillov-Kostant-Souriau theorem

Momemtum mapping of the action o7 s
J=(S1 ..., JN: (TH)*G -  g*x .k xg*

(a1g,-- - akg) —  (c1go(Rg)«(e), ..., kg o (Re)s(e))

Using the identification
T'Ge k. dT*G = Gx(g"x .k xg")

(a1, k) = (g,a150 Telg, ... aup 0 Tely)
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Kirillov-Kostant-Souriau theorem

Momemtum mapping of the action o7 s
J=(S1 ..., JN: (TH)*G -  g*x .k xg*

(a1g,-- - akg) —  (c1go(Rg)«(e), ..., kg o (Re)s(e))

Using the identification
T'Ge k. dT*G = Gx(g"x .k xg")
(a1, k) = (g,a150 Telg, ... aup 0 Tely)
the momemtum map can be written as follows:
J: Gx(g'x.k.xg") — g'x.k xg"
(g (i) = coadg(ui, ... i)

that is
S (g, (p1, - -, 1k)) = coadg(1ia)
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Kirillov-Kostant-Souriau theorem

I M, - )
={(g,(0a,...,0x)) € G x (g"x .%. xg") | Coad(g,xa) = pa, 1 < A<k}

ifio Fernindez Polysymplectic manifolds and M-W reduction




Kirillov-Kostant-Souriau theorem

I M, - )
={(g,(0a,...,0x)) € G x (g"x .%. xg") | Coad(g,xa) = pa, 1 < A<k}

Then J7 (..., pk) is diffeomorphism to G

G — Jil(ul,...,uk)
g — (gv (Coadgfl(/'bl)a M Coadgfl(ﬂk))
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Kirillov-Kostant-Souriau theorem

I M, - )
={(g,(0a,...,0x)) € G x (g"x .%. xg") | Coad(g,xa) = pa, 1 < A<k}

Then J7 (..., pk) is diffeomorphism to G
G — Jil(ul,...,uk)
g — (gv (Coadgfl(/'bl)a M Coadgfl(ﬂk))

Hence, the reduced phase space is naturally identifiable with the orbit
O i)

J M) o G
= =0,

Cg"x .k xg*
pe) =9 g
G(V'la“‘a/"k) G(1117~-~71Lk) “

.....
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Thank you for your attention!!!
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