Universal model for locally conformally symplectic
manifolds

J. C. Marrero!  D. Martinez Torres 2 E. Padrén 1

IDepartment of Mathematics
La Laguna, Tenerife

2Department of Mathematics
Instituto Superior Técnico, Lisbon

4th Summer School on Geometry, Mechanics and Control
2010

Marrero, Martinez Torres, Padrén Universal l.c.s. models



Introduction

> 53 x S has canonical complex structure

(((32\{0},Jst)/ ~ %Id = (H%Id’J%Id)

> (S3 x Sl,JlId) is not Kahler! (71(S3 x S') = 7)
2
a*e, = 1
@ Zst v 2Id 8st = 78st
o F=(zz2)"1 >0~ yId*F =4F
~+ Fgy descends to S3 x ST
> (S3x S, J;Id,g) is a locally conformally Kahler (I.c.K).
2

manifold
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Introduction

Definition

A l.c.K. structure in (X, J) is given by a Hermitian metric g locally
conformal to a Kahler one. The associated 2-form w, := g(-,J) is
l.c. to a Kahler form.

Example (Linear Hopf manifolds (Ha, Ja, ga))
(C™\{0}, Jst)/ ~ A, A has eigenvalues of norm < 1.

> L.c.K. subject of much recent research (Ornea, Verbitsky,
Kamishima, Belgun, Gauduchon...)

@ Deciding which complex surfaces admit I.c.K. structures.
@ Structure results; relations with Sasakian geometry.

@ Group of automorphisms.

@ Reduction.

e Kodaira type holomorphic embeddings in (Ha, Ja).



Introduction
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Definition

A l.c.s structure on M is given by w € Q?(M)

@ max. non degenerate,

@ l.c. to a symplectic form (dw = 7 Aw, dT = 0)

> In U, e~ vw symplectic, fy unique up to constant.
~ 7 Lee form
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Introduction

> L.c. symplectic = Transitive (even dim.) Jacobi manifold
~+ Good setting for Hamiltonian mechanics (Vaisman).

> L.c. symplectic ~» Lie algebroid structure on J1M.

o 7 exact iff (J*M, [, ], p) unimodular.

~ Recent activity on l.c.s geometry (Banyaga, Haller, Rybicky,
Kotschick, Bande)

@ Group of l.c.s. transformations.
@ Reduction.

@ Moser stability.

> Some results at the level of the conformal class (w)
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Universal models via embedding

holomorphic

> Kahler (Kodaira): (X,J,Qz) =  (CPN, Jg, Qrs)

symplectic

> Symplectic (Tischler): (M,Q) ~ <& (CPV, Qpg)

+

. Moser —.
> Kodaira '~ Tischler

holomorphic

> L.c.K. (Ornea, Verbitsky): (X, J,wg) = (Ha,Ja,ws,)

Are there (compact) universal models for |.c.s. structures?

If so and ? = (Ha,wg,), do we have l.c.K + Moser = l.c.s?
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Universal models via embedding

> The compact model:

(52”71 X 5lvwst - dnst —do AN nst)

n
e = Y xdy; — yjdx;
j=1

Theorem (Marrero, M. T., Padrén)

Let (I\/lz”,w) be a compact, exact, integral |.c.s. manifold. Then

l.c.s

(M?" W) ' (885 % ST cwg), € > 0

Marrero, Martinez Torres, Padrén Universal l.c.s. models



Universal models via embedding

Proposition (Marrero, M. T., Padrén)

¢
(H%n, )g 52n—1 % 51

Pswg, = fwss, £ >0

Theorem (Marrero, M. T., Padrén)

For a compact L.c.K (+condition), the holomorphic embedding

followed by a Moser type correction gives a I.c.s. embedding up to
conformal factor.
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Universal models via reduction

> Symplectic (Gotay, Tuynman):

(MaQ) = (CredaQred) ) C— (RZN,Qst)

> Reduction exist for l.c.s. manifolds (Haller, Rybicki)

Theorem (Marrero, M. T., Padrén)

Let (M,w) be a l.c.s. manifold of the first kind with finite rank k
and basis pi. Then

(M,w) 2 (Ged, Wrea), C — (R x JHT* x RV),w,,)

Marrero, Martinez Torres, Padrén Universal l.c.s. models



	Introduction
	Universal models via embedding
	Universal models via reduction

