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The Euler-Poincaré equations

The Euler-Poincaré equations
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@ aliegroup G
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The Euler-Poincaré equations

The Euler-Poincaré equations

We consider

@ a Lie group G

@ a left G-invariant Lagrangian function L : TG — R
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The Euler-Poincaré equations

The Euler-Poincaré equations

We consider

@ a Lie group G

@ a left G-invariant Lagrangian function L : TG — R

@ the reduced Lagrangian, | : Tg — R (the restriction of L to
the identity)
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The Euler-Poincaré equations

The Euler-Poincaré theorem

@ Then the following statements are equivalent:
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The Euler-Poincaré equations

The Euler-Poincaré theorem

@ the curve g(t) € Q(G; go, 91) is a critical point of the action
functional of L for variations g vanishing at the endpoints;
i.e., the variational principle

b
5 / L(g(t), g(t))at = 0

holds, for variations with fixed endpoints.
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The Euler-Poincaré equations

The Euler-Poincaré theorem

@ the curve g(t) € Q(G; go, 91) is a critical point of the action
functional of L for variations g vanishing at the endpoints;
i.e., the variational principle

b
5 [ L. g(tyet =0
a
holds, for variations with fixed endpoints.

@ the curve g(t) satisfies the Euler-Lagrange equations for L,
thatis ££(L)(9,9,9) =0o0n G;
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The Euler-Poincaré equations

The Euler-Poincaré theorem

@ thecurve v(t)=g(t)"'g(t) € g is a critical point of the

reduced action functional
t
) I(v(t))dt =0,

b
for variations of the form

oV =1+ [v,1]

where n(t) € g is an arbitrary curve that vanishes at the
endpoints.
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The Euler-Poincaré equations

The Euler-Poincaré theorem

@ thecurve v(t)=g(t)~'g(t) € g is a critical point of the

reduced action functional
t

5 | I(v(t)dt =0,

fo
for variations of the form

ov=n+[v,n]

where n(t) € g is an arbitrary curve that vanishes at the
endpoints.
@ the curve v(t) solves the Euler-Poincaré equations

dol_ ol
dtov  Vov’
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The Lie bracket by stages

The Lie bracket by two stages

For a given principal bundle 7 : Q — Q/G, ifN<G we have
T,Q =VerN(T,Q)a(VerN(T,Q))* (7 a G-invariant metric on Q).
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The Lie bracket by stages

The Lie bracket by two stages

For a given principal bundle 7 : Q — Q/G, ifN<G we have
T,Q =VerV(T,Q)a(VerV(T,Q))* (3 a G-invariant metric on Q).

The collection {(VerN(TqQ))L} , defines a Grinvariant
qe

connection Ay on the principal bundle 7 : Q — Q/N.
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The Lie bracket by stages

The Lie bracket by two stages

For a given principalbundle 7 : Q — Q/G, ifN<G we have
T,Q =VerN(T,Q)®(VerN(T4Q))*+ (7 a G-invariant metric on Q).

The collection { (Ver"(7,@))* } , defines a Grinvariant
ge

connection Ay on the principal bundle 7 : Q — Q/N.

Consider my : G — K = G/N with the G-invariant connection
Apn associated to a given G-invariant metric.
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The Lie bracket by stages

The Lie bracket by two stages

For a given principal bundle 7 : Q — Q/G, ifN<G we have
T,Q =VerN(T,Q)a(VerN(T4Q))* (7 a G-invariant metric on Q).
The collection {(VerN(TqQ))L} o defines a G-invariant

qe
connection Ay on the principal bundle 7 : Q — Q/N.

Consider my : G — K = G/N with the G-invariant connection
Ap associated to a given G-invariant metric.

We have an identification g=¢ xn=¢txn where tAv
is the horizontal lift of ¢ = ToK in the bundle G — K, at e € g.
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The Lie bracket by stages

The Lie bracket by two stages

Then, for a given identification g=t®n, the Lie bracketon g
is given by

[k1 @ N1, k2 D 1p) =

= [k1, k2] B[V o, 2= [V AN ot =B Mk (1, 52)+ 1, m2] -

(Cendra, Marsden and Ratiu, 2001)
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The Lie bracket by stages

The Lie bracket by two stages

It can be proven that
Bl x2) = [[&.—An(e) (I mg™)] |
and

[V(AN’V)]K, k1= [[e’ [HANv n]]N] K

(via the identification of ¢=¢ and n=T(7) thinkingon &
as a vector bundle over K).
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The Lie bracket by stages

The Lie bracket by two stages

Then the Lie bracket on g

[k1 @ M, k2 @ 1] = [K1, k2] © [V o — [V s

~[BAN)k (51, 12) + [, e
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The Lie bracket by stages

The Lie bracket by two stages

Then the Lie bracket on g can be written as

1 @ 1, 52 @ ] = [ 2l [ g™, melln | — [Te g™ el

_ He7 —An(e) ([nf"\’, m?”])}N}K + [m1, 2],

where 'V is the horizontal lift of «; in G at e.
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The Lie bracket by stages

Defining the bilinear forms
by:txn—n/K=n and ay:txt—-n/K=n

by:
bN(’ia 77) = [[e’ [’iAN777]]N]K = [V(AN’V)]K, & T

and
an(r. %) = [[e,—An(e) (In™, #M)] ] = [BY] (x.7),
we obtain the expression

(k1 @1, ke ®mMp] =

= [k1, k2] © by(k1,m2) — bn(K2,m) — an(k1, k2) + [11,12].
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The Lie bracket by stages

The Lie bracket by n stages

Let G be a Lie group and a chain of normal subgroups
{€} =Np<Np_1<...<aNo <Ny < Ny =G.

Consider the principal bundles

t Nt = N1y = Niza /N

TNG-1,))

with the connection Ay, associated to a given G-invariant
metric.
Consider an identification

g=tDdnu2) @ ... Bnn_1,n D NYnnit)
where ¢ = no,1) = g/n1.
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The Lie bracket by stages

Consider also the applications
bin_y a1y X 1y = g/ Ny jy =y

(where n; is the adjoint bundle of the principal bundle
Nj—1 — N_1 ) with structure group N;) defined by

N AN, — _
b,y Ny (n:7) == He, [ f,n]} N/] . and
Ly JN) G X R 841/ Nijj1) = nj1 - defined
y
_ AN, AN
a(/\/j,/\//'+1)(77a7]) = |:|:e’ _ANI'+1(6) ([77 N i Nj+1]):|Nj+1:| )

Ny j+1)

where ;7 is the horizontal lift of 7 in the bundle
Ni—y = N;_1/N; with the connection Ay Then ...
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The Lie bracket by stages

the Lie bracket on g is:

{K@ <é 77(/,/+1)> R @ (én(j’j+1))] =l A ®

<€B ([77(' Ji+1) 7(: :+1)]+Z( ;VIO+11) 77(k k+1))

i=1
n
(i,i+1) kk+1)) (i I+1) i—1,j —(1,1+1
_b(No,N1 (5,77( >+Z ( Ni—1,N;) (77(1 /)712:77( )>
=j
(1,i+1) . SL01)
i+ —(j—1,j p+1 ii+
—b(NHNj) 77(/ /),Zn(per) (NO,N1)(” 7)
p=j

(1,i+1) (m,m+1) —(m,m+1)
Z a(Nm7 Nm+1) 1 ) ’
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Euler-Poincaré equations by several stages

n
As before, consider an identification G =t ® <@ n(,-7/+1)> y
i—1
n
o =0 | Dnj |-
=1
Let v(t) = (@n B (¢t ) € G beacurve and

ol al 1 ol n
AT (j@an()) =ae (/G?ﬁu,m)) €g
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The Euler-Poincaré equations by several stages

Using the obtained expression for the Lie bracket by several
stages to write the Euler-Poincaré equations

dol . ol

Ea—a Yoy <~ fo= ady p

we can write the Euler-Poincaré equations by several stages
as follows:
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Euler-Poincaré equations by several stages

( a = adia,
" "
Biiry = ad i Bty + Biit1) (bg;\,’OTN?)(f% - )) +
i

" L
Biit1) Zbg;\ﬁ},\,}.)(ﬁ(’ U

j=2
n
0 = s (A0 (20 ) it )
Y k=1
a = EPl
By = 2
(i,i+1) onii+1)
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Thank you very much for your attention.
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