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a Lie group G
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The Euler-Poincaré equations

We consider

a Lie group G

a left G-invariant Lagrangian function L : TG→ R
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The Euler-Poincaré equations

We consider

a Lie group G

a left G-invariant Lagrangian function L : TG→ R

the reduced Lagrangian, l : Tg→ R (the restriction of L to
the identity)
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The Euler-Poincaré theorem

Then the following statements are equivalent:
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The Euler-Poincaré theorem

the curve g(t) ∈ Ω(G; g0,g1) is a critical point of the action
functional of L for variations δg vanishing at the endpoints;
i.e., the variational principle

δ

∫ b

a
L(g(t), ġ(t))dt = 0

holds, for variations with fixed endpoints.

Viviana Díaz Euler-Poincaré equations by several stages



The Euler-Poincaré equations
The Lie bracket by stages

The Euler-Poincaré equations by several stages

The Euler-Poincaré theorem

the curve g(t) ∈ Ω(G; g0,g1) is a critical point of the action
functional of L for variations δg vanishing at the endpoints;
i.e., the variational principle

δ

∫ b

a
L(g(t), ġ(t))dt = 0

holds, for variations with fixed endpoints.
the curve g(t) satisfies the Euler-Lagrange equations for L,
that is EL(L)(g, ġ, g̈) = 0 on G;
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The Euler-Poincaré theorem

the curve v(t) = g(t)−1ġ(t) ∈ g is a critical point of the
reduced action functional

δ

∫ t1

t0
l(v(t))dt = 0,

for variations of the form

δv = η̇ + [v , η]

where η(t) ∈ g is an arbitrary curve that vanishes at the
endpoints.
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The Euler-Poincaré theorem

the curve v(t) = g(t)−1ġ(t) ∈ g is a critical point of the
reduced action functional

δ

∫ t1

t0
l(v(t))dt = 0,

for variations of the form

δv = η̇ + [v , η]

where η(t) ∈ g is an arbitrary curve that vanishes at the
endpoints.
the curve v(t) solves the Euler-Poincaré equations

d
dt
∂l
∂v

= ad∗v
∂l
∂v
.
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The Lie bracket by two stages

For a given principal bundle π : Q → Q/G, if N CG we have

TqQ =VerN(TqQ)⊕(VerN(TqQ))⊥ (∃ a G-invariant metric on Q).
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The Lie bracket by two stages

For a given principal bundle π : Q → Q/G, if N CG we have

TqQ =VerN(TqQ)⊕(VerN(TqQ))⊥ (∃ a G-invariant metric on Q).

The collection
{

(VerN(TqQ))⊥
}

q∈Q
defines a G-invariant

connection AN on the principal bundle π : Q → Q/N.
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The Lie bracket by two stages

For a given principal bundle π : Q → Q/G, if N CG we have

TqQ =VerN(TqQ)⊕(VerN(TqQ))⊥ (∃ a G-invariant metric on Q).

The collection
{

(VerN(TqQ))⊥
}

q∈Q
defines a G-invariant

connection AN on the principal bundle π : Q → Q/N.

Consider πN : G→ K = G/N with the G-invariant connection
AN associated to a given G-invariant metric.
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The Lie bracket by two stages

For a given principal bundle π : Q → Q/G, if N CG we have

TqQ =VerN(TqQ)⊕(VerN(TqQ))⊥ (∃ a G-invariant metric on Q).

The collection
{

(VerN(TqQ))⊥
}

q∈Q
defines a G-invariant

connection AN on the principal bundle π : Q → Q/N.

Consider πN : G→ K = G/N with the G-invariant connection
AN associated to a given G-invariant metric.

We have an identification g ≡ kAN × n ≡ k× n where kAN

is the horizontal lift of k = TeK in the bundle G→ K , at e ∈ g.
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The Lie bracket by two stages

Then, for a given identification g ≡ k⊕ n, the Lie bracket on g
is given by

[κ1 ⊕ η1, κ2 ⊕ η2] =

= [κ1, κ2]⊕[∇(AN ,V )]K ,κ1η2−[∇(AN ,V )]K ,κ2η1−[B̃AN ]K (κ1, κ2)+[η1, η2] .

(Cendra, Marsden and Ratiu, 2001)
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The Lie bracket by two stages

It can be proven that

[B̃AN ]K (κ1, κ2) =
[[

e,−AN(e)
(

[κAN
1 , κAN

2 ]
)]

N

]
K

and

[∇(AN ,V )]K , κ η =
[
[e, [κAN , η]]N

]
K

(via the identification of k ≡ k̃ and n ≡ Γ(ñ) thinking on ñ
as a vector bundle over K ).
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The Lie bracket by two stages

Then the Lie bracket on g

[κ1 ⊕ η1, κ2 ⊕ η2] = [κ1, κ2]⊕ [∇(AN ,V )]K ,κ1η2 − [∇(AN ,V )]K ,κ2η1

−[B̃AN ]K (κ1, κ2) + [η1, η2]
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The Lie bracket by two stages

Then the Lie bracket on g can be written as

[κ1 ⊕ η1, κ2 ⊕ η2] = [κ1, κ2]⊕
[
[e, [κAN

1 , η2]]N

]
K
−
[
[e, [κAN

2 , η1]]N

]
K

−
[[

e,−AN(e)
(

[κAN
1 , κAN

2 ]
)]

N

]
K

+ [η1, η2],

where κAN
i is the horizontal lift of κi in G at e.
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Defining the bilinear forms

bN : k× n→ ñ/K ≡ n and aN : k× k→ ñ/K ≡ n

by:
bN(κ, η) :=

[[
e, [κAN , η]

]
N

]
K = [∇(AN ,V )]K , κ η

and

aN(κ, κ) :=
[[

e,−AN(e)
(
[κAN , κAN ]

)]
N

]
K =

[
B̃AN

]
K

(κ, κ),

we obtain the expression

[κ1 ⊕ η1, κ2 ⊕ η2] =

= [κ1, κ2]⊕ bN(κ1, η2)− bN(κ2, η1)− aN(κ1, κ2) + [η1, η2].
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The Lie bracket by n stages

Let G be a Lie group and a chain of normal subgroups

{e} = Nn C Nn−1 C ...C N2 C N1 C N0 = G.

Consider the principal bundles

πN(j−1,j) : Nj−1 → N(j−1,j) := Nj−1/Nj

with the connection ANj associated to a given G-invariant
metric.
Consider an identification

g ≡ k⊕ n(1,2) ⊕ ...⊕ n(n−1,n) ⊕ n(n,n+1) ,

where k = n(0,1) = g/n1.
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Consider also the applications

b(Nj−1,Nj ) : n(j−1,j) × nj → ñj/N(j−1,j) ' nj

(where ñj is the adjoint bundle of the principal bundle
Nj−1 → N(j−1,j) with structure group Nj ) defined by

b(Nj−1,Nj )(η, η) :=

[[
e, [ηANj , η]

]
Nj

]
N(j−1,j)

; and

a(Nj ,Nj+1) : n(j,j+1) × n(j,j+1) → ñj+1/N(j,j+1) ' nj+1 defined
by

a(Nj ,Nj+1)(η, η) :=

[[
e,−ANj+1(e)

(
[η
ANj+1 , η

ANj+1 ]
)]

Nj+1

]
N(j,j+1)

,

where ηANj is the horizontal lift of η in the bundle
Nj−1 → Nj−1/Nj with the connection ANj . Then ...
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the Lie bracket on g is:κ⊕( n⊕
i=1

η(i,i+1)

)
, κ⊕

 n⊕
j=1

η(j,j+1)

 = [κ, κ]⊕

(
n⊕

i=1

(
[η(i,i+1), η(i,i+1)] +

n∑
k=1

(
b(i,i+1)
(N0,N1)

(κ, η(k ,k+1))

−b(i,i+1)
(N0,N1)

(κ, η(k ,k+1))
)

+
i∑

j=2

b(i,i+1)
(Nj−1,Nj )

η(j−1,j),

n∑
l=j

η(l,l+1)


−b(i,i+1)

(Nj−1,Nj )

η(j−1,j),

n∑
p=j

η(p,p+1)

− a(i,i+1)
(N0,N1)

(κ, κ)

−
i−1∑
m=1

a(i,i+1)
(Nm,Nm+1)

(η(m,m+1), η(m,m+1))

))
.
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As before, consider an identification G ≡ k⊕

(
n⊕

i=1

n(i,i+1)

)
y

g∗ ≡ k∗ ⊕

 n⊕
j=1

n∗(j,j+1)

 .

Let v(t) = κ(t)⊕

(
n⊕

i=1

η(i,i+1)(t)

)
∈ G be a curve and

µ =
∂l
∂v

=
∂l
∂κ
⊕

 n⊕
j=1

∂l
∂η(j,j+1)

 = α⊕

 n⊕
j=1

β(j,j+1)

 ∈ G∗.
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Using the obtained expression for the Lie bracket by several
stages to write the Euler-Poincaré equations

d
dt
∂l
∂v

= ad∗v
∂l
∂v

⇔ µ̇ = ad∗v µ

we can write the Euler-Poincaré equations by several stages
as follows:
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

α̇ = ad∗κα ,
β̇(i,i+1) = ad∗η(i,i+1)β(i,i+1) + β(i,i+1)

(
b(i,i+1)
(N0,N1)

(κ, . )
)

+

β(i,i+1)

 i∑
j=2

b(i,i+1)
(Nj−1,Nj )

(η(j−1,j), . )

 ,

0 = β(i,i+1)

(
b(i,i+1)
(N0,N1)

(
. ,

n∑
k=1

η(k ,k+1)

)
+ a(i,i+1)

(N0,N1)
(κ, . )

)
,

α =
∂l
∂κ

,

β(i,i+1) =
∂l

∂η(i,i+1) .

Viviana Díaz Euler-Poincaré equations by several stages



The Euler-Poincaré equations
The Lie bracket by stages

The Euler-Poincaré equations by several stages

Thank you very much for your attention.
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