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Free Systems

τ : T∗Q→ Q, (T∗Q,ΩQ,H) a hamiltonian system.

Theorem (Hamilton Jacobi)
Let S : Q→ R,

1 c(t) is an I.C. of Tτ ◦ XH ◦ dS ⇒ dS ◦ c(t) is an I.C. of XH.

2 H-J equation: H ◦ dS = E

d(H ◦ dS) = 0
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Non Holonomic Systems
• D ⊂ TQ, τD : D→ Q,
• (D, [[·, ·]]D, ρ) a skew-symmetric algebroid⇔ (D∗, {·, ·}D∗)

linear almost Poisson structure.
• HD : D∗ → R , XHD the NH hamiltonian vector field.

Theorem (Hamilton Jacobi)
Let α : Q→ D∗,

1 c(t) is an I.C. of TτD ◦ XHD ◦ α ⇒ α ◦ c(t) is an I.C. of XHD
2 H-J equation: dD(HD ◦α) = 0 if dDα = 0

dD(HD ◦ α) + iξαHD
dDα = 0 if dDα , 0

The Snakeboard: • Q = SE(2)× T2 , D ⊂ TQ

• G = SE(2)

D/G ⊂ TT2 × se(2)

↓ ↓
Q/G T2
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Rolling Disk with forces

• Q = R2 × S1 × S1 , ∼ (x,y,φ, θ).

• Constraints:

{
ẋ = Rcosφθ̇

ẏ = Rsinφθ̇

• D = span{X1,X2} (D, [[·, ·]]D, ρ) a
skew-symm. algebroid.

• XHD ∈ X(D∗) assoc. to {·, ·}D∗ .

F(q, q̇) = (Kcosφ φ̇)dφ  F = (KJ cosφ v
2)X2

⇓
τ : R×D→ Q skew-symmetric algebroid.

Idea: Basis: {(0,X1), (0,X2), (1, 0)}

The new hamiltonian vector field: RHD = XHD − (F∗)∨ ∈ X(D∗)

q̇i = ρia
∂H

∂pa
ṗb = −ρib

∂H

∂qi
+ Ccabpc

∂H

∂pa
− Fabpa
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Theorem. (Hamilton Jacobi)
Let α : Q→ D∗,

1 c(t) is an I.C. of TτD ◦ XHD ◦ α ⇒ α ◦ c(t) is an I.C. of
RHD = XHD − (F∗)∨.

2 H-J equation:
dD(HD ◦ α) + F∗(α) = 0 if dDα = 0

dD(HD ◦α) + F∗(α) + iξαHD
dDα = 0 if dDα , 0

Rolling disk with forces:
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Affine Constraints

• (t,q1,q2, q̇1, q̇2,ω1,ω2,ω3)

• Constraints:{
q̇1 − rω2 = −Ω(t)q2

q̇2 + rω1 = Ω(t)q1.

Rolling ball on a rotating table:

Ω = cte Ω(t) = t
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Time dependent systems:
• Q = R× P, W : Q→ R
• H : R× T∗P → R

∂W

∂t
+H(t,qi,

∂W

∂qi
) = constant on P,

Theorem. (Hamilton Jacobi)

Let (E, [[·, ·]], ρ,φ,h) be an almost hamiltonian system on E. If
α ∈ Γ(V∗),

1 c(t) is an I.C. of TτV∗ ◦ Rh ◦ α ⇒ α ◦ c(t) is an I.C. of
Rh ∈ X(V∗).

2 H-J equation: µ ◦ iξαHD (dE(h ◦ α)) = 0

Thank you!
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