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[ reads:

The Navier-Stokes system in a 2D bounded domain Q C R? with boundary

ur+ (u-V)u+Vp=—vAu+ F(x1,x2) + v(t, x1, x2)
V-u=0 in Q;
u(0) = wp.

in Q;
? 373)'

«O>» «Fr «=>r «E=)» = aq >



We consider either
@ Navier boundary conditions

u-n=0 on T;
Vi u=pBu-t on

r

«4Or «Fr «=>r «E» = aq >



We consider either
@ Navier boundary conditions

u-n=0 on T;
Vi u=pBu-t on
@ or no-slip boundary conditions

r

u=0 on

r

«4Or «Fr «=>r «E» = Q>



We want to control the N-S equations

up = —vAu—(u-V)u—Vp+ F(xi,x)+ v(t,xi, x2)
V-u=0 in £
fields

in €
taking values in a finite-dimensional subspace of divergence free vector

span{®;(x1, x2) | i

=1, ..

., n}.
«O> «F>» «=Z)r» «=)>» = aq >

using essentially bounded degenerated controls: v = Y7 vi(t)®i(x1, x2)



@ For Navier boundary conditions

H={uel*(TQ)|V-u=0 & u-n=0onT};
Vi={uec HY (TQ)| ue H};

D(A) :={uc H¥(TQ)|uecV & V' -u=pu -tonl}.

«O>» «Fr «=>» «=)>» = A



@ For Navier boundary conditions

H={uecl*>(TQ)|V-u=0 & u-n=0onT};
Vi={uec HY (TQ)| ue H};

D(A) :={uc H¥(TQ)|uecV & V' -u=pu -tonl}.
e For no-slip boundary conditions

H:={uel*(TQ)|V-u=0 & u-n=00onT};

Vi={ucH(TQ)| ueH & u=0onT};
D(A) :={uec H¥(TQ) | uec V}.

«O> «F>» «=Z)r» «=)>» = o™



We write the equations

V-u=0 in

up = —vAu— (u-V)u—Vp+ F(xi,x2) + v(t, x1, x2)
H:

in Q
as an evolutionary equation in the space H of divergence free vector fields

ur = —vAu— Bu+vCu+ F +v.

«O>» «Fr «=>r «E=)» = aq >



A finite subset g C V' of vector fields, is said V-saturating if the sequence
(GY) pen of finite-dimensional subspaces G/ C V defined recursively by
@ G° := span(g);
@ G/l .=

satisfies | J;cyy G' = H.

(6/+ComABYT Y EGNV)n(6/ - Con{BY [ Y €GTINV)

[BY =B(Y, Y)]
<O <@ <=r «Er» E HAX
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in span{g} is dense in H.

Let g C V be a V-saturating set. Then for each up € Vand T > 0, The

attainable set at time T from ugy, of the N-S system controlled by controls

«O>» «Fr «=>r «E=)» = aq >



Let g C V be a V-saturating set. Then for each up € Vand T > 0, The
attainable set at time T from ugy, of the N-S system controlled by controls
in span{g} is dense in H.

IDEA OF PROOF:
Step 1: Given another point u;, we can drive the equation from g to

any given small neighborhood of u; if, we use controls in GV with big
enough N.

«O>» «Fr «=>r «E=)» = aq >



[2(TQ)-APPROXIMATE CONTROLLABILITY

PROPOSITION

Let g C V be a V-saturating set. Then for each up € V and T > 0, The
attainable set at time T from ugy, of the N-S system controlled by controls
in span{g} is dense in H.

Step 1: Given another point uy, we can drive the equation from ug to
any given small neighborhood of u; if, we use controls in G with big
enough N.

Step 2: We imitate the action of controls in G/ by the action of controls
in G111 <j <N
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varies in the so-called relaxation metric:

@ The solution of the N-S equation varies continuously when the control
b

V] = SUP, belo, T] fa th‘(]Rm )

v=22T vi(t)Vi(x, xe)l;

[for finite-dimensional controls
h

«O>» «Fr «=>r «E=)» = aq >



REDUCTION TO PIECEWISE CONSTANT CONTROLS

@ The solution of the N-S equation varies continuously when the control
varies in the so-called relaxation metric:

[V]x = Sup, peo, 7] fab v dt ) [for finite-dimensional controls
) ) Rm7 L

vi=2 vi(t)Vilxa, x)l;

@ A given (essentially bounded) control taking values in
GN C Conv(GN~1 — B(GN-1)N V), can be approximated, in
relaxation metric, by a piecewise constant one taking values in
GN1-B(GN-HNV;

SERGIO S. RODRIGUES (UA & SISSA) CONTROLLABILITY OF N-S EQUATION USC; June 23-27, 2008 10 / 21



REDUCTION TO PIECEWISE CONSTANT CONTROLS

@ The solution of the N-S equation varies continuously when the control
varies in the so-called

[V]x = Sup, peo, 7] fab vdt‘( " [for finite-dimensional controls
) ) Rm7 L

vi=2 vi(t)Vilxa, x)l;

e A given (essentially bounded) control taking values in
GN C Conv(GN~1 — B(GN-1)N V), can be approximated, in
relaxation metric, by a piecewise constant one taking values in
GN1-B(GNHNV;

@ The next step is imitation, in each interval of constancy, of the
respective (constant) control by another one taking values in GV-1.
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interval |¢t;, t; + 7[:

Given a constant control ¢; — ¢; in GV C GN1 — B(GN-1)N V in a given

Q@ Approximate, in H, e; — ¢; by a control ¢; — B?,- in
GN-1 — [B(GN‘l) nVvy;

«Or «4Fr «=H» <= = A



interval |¢t;, t; + 7[:

Given a constant control ¢; — ¢; in GV C GN1 — B(GN-1)N V in a given

@ Approximate, in H, e; — ¢; by a control ¢; — B?,- in
GN-1 — [B(GN‘l) nVvy;

@ Approximate f; € V by fi € D(A) in V-norm; so e; — Bf is
approximated by e; — Bf; (in V');

«O>» «Fr «=>r «E=)» = aq >



IMITATION PROCEDURE

Given a constant control ¢, — ¢; in GN C GN=1 — B(GN-1)N V in a given
interval |t;, t; + 7

@ Approximate, in H, e; — ¢; by a control ¢; — BI?,- in
GN-1 —[B(GN-)nV];

© Approximate fev by fi € D(A) in V-norm; so e — Bf: is
approximated by e; — Bf; (in V');

Q ¢+ ﬁq&?’f; e e; — Bf; drive the N-S system to points that are close
at final instant time tf = t; + 7 (for big enough w), where
¢" ~ sin(wt) and ¢ (t;) = 0 = @™ (tr);
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IMITATION PROCEDURE

Given a constant control in GV C GN-1 — B(GN-1)N V in a given
interval |t;, t; + 7
@ Approximate, in H, e; — ¢; by a control ¢; — BI?,- in
GN-1 —[B(GN-)nV];
© Approximate fev by fi € D(A) in V-norm; so e — Bf: is
approximated by e; — Bf; (in V');
Q ¢+ ﬁqﬂ"f; e e; — Bf; drive the N-S system to points that are close
at final instant time tr = t; + 7 (for big enough w), where
o ~ sin(wt) and " (t;) = 0 = " (t7);
@ Finally the controls e; 4 v/2¢¥ f; and give close
solutions (for any w).
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Agrachev-Sarychev. Periodic conditions. The set of vector fields
0\ . 0 -1
g:= { (1) sin(x), (_1> cos(x1), ( 1
is V-saturating.

) sin(x1+x2), (_11> cos(X1-|-X2)}.

«O» «Fr «=)r «E)» £2XeN

?



Rectangle under Navier boundary coznditions. The set of vector fields
g = {W(n]_,nz) I (
is V-saturating. | #g = 8|

ny, n2) € No, ny, no S 31 (n17 n2) 7é (373)}
—I;Jgﬂ' sin(k]‘rrxl
Wi = Wiy, ko) =

ko x:
2 con{ )
ki kimx1 \ oin [ koxo ’
2 con{(52) sin (52

«O>» «Fr «=>r «E=)» = aq >




Agrachev-Sarychev. Sphere. The set of vector fields
1 2 1, 1, 3
g = 2 1, 2 €2, 2 €3, —X3

with sense x A €;).

&, (5 - 1)63}
is V-saturating. €; denotes the vector field generating rotation around the

ei = [01i, 02i, 63,-]T axis, with constant angular velocity equal to 1 (and

«O» «Fr «=)r «E)» £2XeN

?



Hemisphere S with (x3 > 0) under Navier boundary conditions. The set

of vector fields g = {—— ) E (x3 Or —

x1e3), = (10x1x3 O — (5x12 — 1)e_§)}
is V-saturating.

Remark: We are considering the chart

(x1, x2) — (xl, X0, v/1 — X12 — x22>

«O» «Fr «=)r «E)»

et
S
)
?




(GALERKIN APPROXIMATIONS. LIE BRACKETS
Writing the N-S equation as an infinite dimensional system of ODE’s:

Uy := —UNUy — Bk(u, U) +vCeu+ Fie + vi; k € Ny (1)

DEFINITION

The G-Galerkin approximation of system (1) is the same system with the
additional condition k, n, m € G € FP(Np).

COROLLARY
Rectangle: Let k € KN « W, € GN. The KN-Galerkin approximations

U = —vAgug—By(u, u)+uCku—|-Fk+(g0v)k; veR® ke KN ue GV,

are controllable at time T. g° denotes the matrix whose columns are the 8
elements of the saturating set g.
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ANALYTIC PERTURBATION. “GENERIC” DOMAIN

The Navier-Stokes equations in a Riemannian manifold (€2, g) may be
written

ur = —vA(g)u—V(g)uu+V(g)p+ F+v; V(g)-u=0

@ We connect two metrics (tensors) go and g1 in Q by an analytic
homotopy g-; 7 € [0, 1];

e We may transfer some partial results, from (€, go) to (2, g;) with 7
arbitrarily close to 1, using classic results from the (Analytic)
Perturbation Theory of Linear Operators; 7 +— A(g;).
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