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Where we are...

© Introduction
@ An outline

S. Capriotti (Instituto Balseiro) Field Theory and EDS



Problems and an answer

Problem

The G-N algorithm applied to the field theory consisting of an electromagnetic
field and a spin 1 charged particle in interaction has the following annoying
behavior: It stops or not depending on the values of the fields in space-time
points. That is, the number of constraints obtained via this method depends on
the values of the fields.
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Problems and an answer

Problem

The G-N algorithm applied to the field theory consisting of an electromagnetic
field and a spin 1 charged particle in interaction has the following annoying
behavior: It stops or not depending on the values of the fields in space-time
points. That is, the number of constraints obtained via this method depends on
the values of the fields.

What we want to do...

We want to consider the equations of motion of this field theory as the generators
of some suitable exterior differential system (called EDS from now on.) The
integral manifolds for this EDS induces solutions of the field equations, so we can
use the Cartan-Kahler theorem in order to obtain sufficient conditions for the
existence of solutions.
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© Introduction

@ Notations and definitions
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Things that we need to know... (from [4, 1])

@ For every bundle Z — M, we will denote by '(Z) its space of sections.

Definitions
@ An EDS 7 on X is a differential ideal of Q° (X).

4
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Things that we need to know... (from [4, 1])
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Definitions
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o If N C X satisfies a|N = 0 for all @ € Z, then N is an integral submanifold of
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Things that we need to know... (from [4, 1])

@ For every bundle Z — M, we will denote by '(Z) its space of sections.

Definitions
@ An EDS 7 on X is a differential ideal of Q° (X).

o If N C X satisfies a|N = 0 for all @ € Z, then N is an integral submanifold of
T.

o A k-integral element for T is a k-plane E C T, X such that «(x)|E = 0.
o Vi (Z) C Gk(TX) is the set of k-integral elements for Z.

@ The polar space H(E) C T, X of E € Vi (Z)
by E € Viy1(Z), such that E C E.

. is the vector space generated
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Things that we need to know... (from [4, 1])

@ For every bundle Z — M, we will denote by '(Z) its space of sections.

Definitions
@ An EDS 7 on X is a differential ideal of Q° (X).

o If N C X satisfies a|N = 0 for all @ € Z, then N is an integral submanifold of
T.

A k-integral element for T is a k-plane E C T, X such that «(x)|E = 0.
Vi (Z) C Gk(TX) is the set of k-integral elements for Z.

The polar space H(E) C T, X of E € Vi (Z)
by E € Vi1 (Z), such that E C E.

r(E) := dim(H(E)) — k — 1, where k = dim (E).

. is the vector space generated
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Things that we need to know... (from [4, 1])

@ For every bundle Z — M, we will denote by '(Z) its space of sections.

Definitions

@ An EDS 7 on X is a differential ideal of Q° (X).

o If N C X satisfies a|N = 0 for all @ € Z, then N is an integral submanifold of
7.

o A k-integral element for T is a k-plane E C T, X such that «(x)|E = 0.

o Vi (Z) C Gk(TX) is the set of k-integral elements for Z.

@ The polar space H (E) C T, X of E € Vi (Z)
by E € Vi1 (Z), such that E C E.

o r(E):= dim(H(E)) — k — 1, where k = dim (E).

@ A k-integral element E for 7 is:

Ordinary if there exists an open neighborhood E € U C Gx(TX) such that
U N Vi(Z) is a submanifold of Gi(TX); they are denoted by V2 (Z).

. is the vector space generated

An integral submanifold for Z is ordinary iff all its tangent spaces are ordinary
integral elements, and we can define regular accordingly.

S. Capriotti (Instituto Balseiro) Field Theory and EDS GMC 2008 6 /28



Things that we need to know... (from [4, 1])

@ For every bundle Z — M, we will denote by '(Z) its space of sections.

Definitions

@ An EDS 7 on X is a differential ideal of Q° (X).

o If N C X satisfies a|N = 0 for all @ € Z, then N is an integral submanifold of
7.

o A k-integral element for T is a k-plane E C T, X such that «(x)|E = 0.

o Vi (Z) C Gk(TX) is the set of k-integral elements for Z.

@ The polar space H (E) C T, X of E € Vi (Z)
by E € Vi1 (Z), such that E C E.

o r(E):= dim(H(E)) — k — 1, where k = dim (E).

@ A k-integral element E for 7 is:

Ordinary if there exists an open neighborhood E € U C Gx(TX) such that
U N Vi(Z) is a submanifold of Gi(TX); they are denoted by V2 (Z).
Regular if r(E) is locally constant in a neighborhood of E € V2(Z).

. is the vector space generated

An integral submanifold for Z is ordinary iff all its tangent spaces are ordinary
integral elements, and we can define regular accordingly.

S. Capriotti (Instituto Balseiro) GMC 2008 6 /28



Things that we need to know... (from [4, 1])

@ For every bundle Z — M, we will denote by '(Z) its space of sections.

Definitions

@ An EDS 7 on X is a differential ideal of Q° (X).

o If N C X satisfies a|N = 0 for all @ € Z, then N is an integral submanifold of
7.

o A k-integral element for T is a k-plane E C T, X such that «(x)|E = 0.

o Vi (Z) C Gk(TX) is the set of k-integral elements for Z.

@ The polar space H (E) C T, X of E € Vi (Z)
by E € Vi1 (Z), such that E C E.

o r(E):= dim(H(E)) — k — 1, where k = dim (E).

@ A k-integral element E for 7 is:

Ordinary if there exists an open neighborhood E € U C Gx(TX) such that
U N Vi(Z) is a submanifold of Gi(TX); they are denoted by V2 (Z).
Regular if r(E) is locally constant in a neighborhood of E € V2(Z).

. is the vector space generated

@ An integral submanifold for Z is ordinary iff all its tangent spaces are ordinary
integral elements, and we can define regular accordingly.

S. Capriotti (Instituto Balseiro) Field Theory and EDS GMC 2008 6 /28



Cartan-Kahler theorem

Theorem (Cartan-Kéhler)

Let T be a real analytic EDS on X and suppose that P C X is a connected,
k-dimensional, real analytic and regular integral manifold for T such that
r(P) > 0. Then there exists a (non-unique in general!) connected

k + 1-dimensional, real analytic integral manifold M for Z such that P C M.
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Where we are...

© A Field Theory with Singular Constraints
@ Usual Theory, from Gotay's notes.
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Lagrangian Side - Canonical Analysis

o Field theory on J! (), where 7 : A; := TEM @ T*M — M, with lagrangian
(here O, = 0, — iAL)

L(w,A,0w,0A) : = —% (Oaws) (B°0° — 0Pe*) —

1 1
—Z(.A 9(14,@_954& o2 a
2(a [3)( ) 2”7Wo¢w .
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Lagrangian Side - Canonical Analysis

o Field theory on J! (), where 7 : A; := TEM @ T*M — M, with lagrangian

(here O, = 0, — iAL)

L(w,A,0w,0A) : = —% (Oawg) (O°@° — DP2) —

o Admitting a decomposition M = ¥ x R, then Q :=T (#|X x {7}) and
Q == {(wo,0, Ao, 2)}
TQ :={(wo, 0, Ag, a; Jowo, 9l I Ao, pa) }
T*Q = {(w07 97 A07 a, I_I07 T, E07 e)} .
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Lagrangian Side - Canonical Analysis

o Field theory on J! (), where 7 : A; := TEM @ T*M — M, with lagrangian
(here O, = 0, — iAL)

L(w,A,0w,0A) : = —% (Oawg) (O°@° — DP2) —
3 (0uAg) (0°A7 — 0PA%) — g

o Admitting a decomposition M = ¥ x R, then Q :=T (#|X x {7}) and

Q :={(wo,0, Ao, a)}
TQ = {(wo, 9, A07 a, 30010, 8097 aOAOa 8Oa)}
T*Q = {(w07 97 A07 a, I_I07 T, E07 e)} .

@ In these coordinates the Legendre transform is given by (here 0 =V — ja)

Mg =0

FL — F:%(Doa—m(:)o)
Et=0
628037VA0.
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Canonical Analysis: Constraint Submanifolds.

@ Primary Constraint Submanifold:
Ml = {(wO,G,AO,a; no,ﬂ', Eo,e) . rlo = Eo = 0} .
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Canonical Analysis: Constraint Submanifolds.

@ Primary Constraint Submanifold:
My = {(WOa 0, AO) a, n07777 EOv e) Mo =Ey = 0} .

@ Secondary Constraint Submanifold:

My = {(wo,0,Ag,a;m,€): V-e=i(r-0—7-0) yO -m=—mPwo}.If
m # 0 the algorithm stops here.
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Canonical Analysis: Constraint Submanifolds.

@ Primary Constraint Submanifold:
My = {(WOa 03 AO) a, n07777 EOv e) Mo =Ey = 0} .

@ Secondary Constraint Submanifold:
My = {(wo,0,Ag,a;m,€): V-e=i(r-0—7-0) yO -m=—mPwo}.If
m # 0 the algorithm stops here.

@ Tertiary Constraint Submanifold: o
Ms = {(wo,0,A0,a;m,€) € My :e-m=31(Vxa) (Ox80)}.
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Canonical Analysis: Constraint Submanifolds.

Primary Constraint Submanifold:
My = {(WOa 03 AO) a, I'I0,7r, EOv e) Mo =Ey = 0} :

Secondary Constraint Submanifold:
M, = {(wo,ﬁ,Ao,a;ﬂ,e) : V-e:i(ﬂ'-e—fr-ﬂ) yO-m= —mzwo}. If
m # 0 the algorithm stops here.

Tertiary Constraint Submanifold: o
Ms = {(wo,0,A0,a;m,€) € My :e-m=31(Vxa) (Ox80)}.

Quaternary Constraint Submanifold: B
My = {(wO,e,Ao, 2;7'(',6) € Ms : 0y (FQQGO‘B) = 0}
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Canonical Analysis: Termination of the Algorithm?

Problem!
There will be no more constraints unless
a4l 2 -
det<7r 7T+_2(_V><A) i 7§7r 2>:0.
TeT —m-7—5(VxA)

By Schwarz inequality, a point x € ¥ x {7} will obey the previous condition iff

Q (V x A)(x) =0, AND

@ 7 (x) and 7 (x) are linearly dependent on C.

So M, is divided in two disjoint sets, a set Rs where Vx € ¥ x {7} some of the
previous condition is not fulfilled, and so where the algorithm terminates, and the
complementary set, where the algorithm can continue!
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Where we are...

© Equations of motion and EDS
@ Non-standard variational problem
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Standard variational problem for mechanics

Classical Mechanics: Formal viewpoint [3]

o Unknowns: Sections
o1 —1xQ, ICR

for the trivial bundle | x Q@ — |.
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Standard variational problem for mechanics

Classical Mechanics: Formal viewpoint [3]

o Unknowns: Sections
o1 —1xQ, ICR

for the trivial bundle | x Q@ — |.
o Prolongations: The derivative respect to the time variable allow us to build
pro | — I x TQ
for I x TQ — I, such that pr¢ covers to ¢. Let us define
K= (0")

a0 =dq —dag

pro can be defined as the unique section of / x TQ such that pr*(¢)(K) = 0.

<
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Standard variational problem for mechanics
Classical Mechanics: Formal viewpoint [3]
@ Unknowns: Sections

6:1—1xQ, ICR

for the trivial bundle | x Q@ — |.
o Prolongations: The derivative respect to the time variable allow us to build

pro: 1 — I x TQ
for I x TQ — I, such that pr¢ covers to ¢. Let us define
K= (0")

a0 =dq —dag

pro can be defined as the unique section of / x TQ such that pr*(¢)(K) = 0.
@ Action: For L € C*(l x TQ), we can define the action via

S[g] = / (pro)* (Ldt).

v
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Non-standard variational problem |

Our case

o Unknowns: Sections

o: M — Mg, M space-time

where Ay is the bundle of fields previously defined.

S. Capriotti (Instituto Balseiro)

W

Field Theory and EDS

GMC 2008

14 / 28



Non-standard variational problem |

Our case

@ Unknowns: Sections
o: M — Mg, M space-time

where Ay is the bundle of fields previously defined.

o Velocity space: Using the characterization for prolongation in terms of
EDSs, let us define the bundle

2 2
N=TiMae T*Ma N\ (TeM) e A (T M) 2

PN =TiMe T*M T M.

which has the canonical forms

Oal(w,AcF) :=Aoc(pLom),
eF|(w7A7G7F) ::Fo(ploﬂ-)*7 V(W,A, G7F)€/\

and so on.

v
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Non-standard variational problem Il

Our case
o Prolongations: Then

7= <a1 =dfs — OfF,Q; :=df, —Og —ifa A 9"-’>diﬂ:
will be the EDS which allow us to prolong sections o € I'(A;):

Q (pro)" (Z) =0, and
@ pro covers to o.
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Non-standard variational problem Il

Our case
o Prolongations: Then

7= <a1 =dfs — OF,Q; :=dbf, —O¢g —ifa N 9“-’>diﬂ:
will be the EDS which allow us to prolong sections o € I'(A;):

Q (pro)" (Z) =0, and
@ pro covers to o.

@ Action: We can define the action for our problem via

Slo] = /M (pro)" (OF NO.F+Oc AO,z).
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Admissible Variations

o Classical mechanics: The admissible variations to the section ¢ : [ — | x @
are sections

8¢t — (0,34’ (t),8¢(t))
for the pullback bundle ¢*(V(/ x TQ)) such that they admits an extension
ov € X(I x TQ) which is a symmetry for the EDS K:

ﬁ%@i € <(9i>diff.

In coordinates this is equivalent to ¢’ = dq'.
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Admissible Variations

o Classical mechanics: The admissible variations to the section ¢ : [ — | x @
are sections

06+t (0;04'(t),09'(1))
for the pullback bundle ¢*(V/(/ x TQ)) such that they admits an extension
ov € X(I x TQ) which is a symmetry for the EDS K:

L5,0" € (07)dir.

In coordinates this is equivalent to ¢’ = dq'.

@ Our case: The admissible variations to the section o : M — Ay in this case
will be sections do € o*(V/(A)) such that they admits extensions do € X(A)
satisfying

C@ICI.
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Euler-Lagrange equations

o Classical mechanics: Performing admissible variations on | x TQ we obtain
the Euler-Lagrange equations of motion

¢*(6pod(Ldt)) =0, Vd¢ admissible variation.

In coordinates

{dq" —gdt=0

qui — Lqidt =0.
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Euler-Lagrange equations

o Classical mechanics: Performing admissible variations on | x TQ we obtain
the Euler-Lagrange equations of motion

¢*(6pod(Ldt)) =0, Vd¢ admissible variation.

In coordinates _ _
dqg' — ¢'dt =0
qui — Lqidt =0.

@ Qur case: By doing variations in the same way, we can obtain the following
set of forms which must restricts to zero on the solutions of the variational

problem:
M = d(@*G) —i0s A @*G,
O = d(0.F) — (i/2)(0u AO,& — 02 A Orc),
Q = db,—0Og—ifsN0,,
a1 = dtgA — @F.

Field Theory and EDS GMC 2008 17 / 28
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Relation with the initial problem

Proposition

Every solution of the standard Euler-Lagrange equations of the field theory
considered here induce a 4-dimensional integral submanifold for the EDS
generated by the previous forms. Conversely, every 4-dimensional integral
submanifold S for this EDS which satisfies the transversality condition

dx® A~ AdXPIS £ 0

(where (x°,---,x3) are local coordinates for the space-time) induces a solution
for the E-L equations.
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Hamilton-Cartan equations (from [2])

Classical Mechanics [3]
eO0nY :=Cx(TQ®T*Q)

¢ (W.dA)=0,W e V (Y),

where

H := p;qi — L,'and
A = Ldt + p,-0" =
—Hdt + pidq'.

@ Then
dq' — Hpdt =0
dp’ + Hudt =0
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Hamilton-Cartan equations (from [2])

Classical Mechanics [3] Our sys’fem ) )
e OnY:=Cx(TQ® T*Q) o On A:i=AD A\ (TeM) & \°(T*M)
define the Cartan Form
*(W.dA) =0, W € V (Y), B _
Py () = =L+OpNa1+OnAQ21+OQ A .
where The EDS on A i db
 af o The on A is generated by
;\'/-:—Ll;:;l_i_ p_l_éia:nd {a1,Q;} and the forms
—Hdt + pidq'.
h e ©.F — Op
@ Then O.c — Og
dq’ — H,dt =0 dOp +i(OpNb, —Oq Abg)
dp' + H,dt =0 dOg —i(faNOq).
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Hamilton-Cartan equations (from [2])

Classical Mechanics [3] Our sys’fem ) )
e OnY:=Cx(TQ® T*Q) o On A:i=AD A\ (TeM) & \°(T*M)
define the Cartan Form
*(WodA) =0, W € V (Y), _ )
Py () = =L+OpNa1+OnAQ21+OQ A .
where The EDS on A i db
Y e The on A is generated by
/’;I.:_Llcjllg-i- p_l_éia:nd {a1,Q;} and the forms
—Hdt + pidq'.
Th e ©.F — Op
@ Then 0.c - 0
dq’ — H,dt =0 dOp +i(OpNb, —Oq Abg)
dp' + H,dt =0 dOg —i(faNOq).
H.:dt = 0.
9 J (adding their differentials!)
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Equivalence of the EDS

Proposition

The projection ~
(w,A,G,F,Q,P) e AN~ (w,A,G,F) e

maps solutions for the Hamilton-Cartan EDS to solutions of the Euler-Lagrange
EDS; conversely, for every solution of the Euler-Lagrange EDS, the immersion

(w,A,G,F) e N— (w,A, G, F,xG, «F) el

induces a solution of the Hamilton-Cartan EDS.
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Where we are...

@ EDS analysis

@ Polar spaces associated to some integral elements

S. Capriotti (Instituto Balseiro)

Field Theory and EDS




Generators of the EDS

@ We are working with the EDS

[} = FudGH + Gy, dFHY
M =d(©.c) —ifa A BOsq,
b1 = d(©.r) — (i/2)(0u A ©. 5 — 65 A O.),

Q1 =db, —0Og —ifa N, (1)
o] = d9A - @F,

Q= dO¢ + i(OF A b — 04 A OG),

ar = dOF;
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Calculation of polar spaces for some integral elements

o Let us take E € V3 (Z) such that it is an integral element for the EDS (dx9);
using coordinates (x°,x) we can write

€ > m

(xe) Adx® 4+ b
(x1) Adx® +m
Aodx® + a
wodx® + 6.

o Let us take as element in H(E) the following

Z = (0o; Lx Ao, Lxa, Lxwo, Lx0, Lxe, Lxb, Lx!, Lxm);

we want to find the conditions that our EDS impose on it.
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Equations defining the polar space associated to E

Equations defining E Conditions on the element of H(E)
d/ — il A a, Lx!=i(Aol + a A xm)—d(xm),
de+ (i/2)(IA0—1AD),| |Lxe=—d(xb)—
do —iand— m, —E(wol — Wol — *m A @+ xm A D),
da — b, Lx6 = xl + dwo + i(Agf — woa),
dm+i(bAO—mA a), Lxa=xe+dAg,
db, Lxm =d(*]) — i(wob + xe A§ — Agm — =/ A a),
O A (xI A xl), Lxb = d(xe),
*x(Lxb) N\m—xb A Lxm—
@ Then E € V5(Z) is —x(Lxe)ANl+*eNLxl=0.
ordinary iff (2)
dim (0,1,1) =2 ] ’
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Where we are...

@ EDS analysis

@ Solutions from the Cartan-K&hler theorem
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Existence of solutions

@ The integral element E will be regular iff the last equation for the polar space
determines the function wg, because in this case the number r(E) is maximal.

@ So it will be the case iff b 0 or /,1 are linearly independent.

o If N is a 4-dimensional integral submanifold for Z such that
(dx® A -+~ Adx®)|N # 0, it induces a local section o : U — A; for the given
splitting M = X x R and supposing that we can identify A|X x {7} ~ L for
every T, the restriction of our solution to each slice A|X x {7} induces a
time-dependent section of the bundle L.

Theorem
The application F : T(L) — T*Q given by

(w0707A0737 Ia m,e, b) = (WanaA07a7O7 _I7O7 e)

maps solutions of our EDS to solutions of the canonical eqs of motion on T*Q.
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For Further Reading |

¥ S.S. Chern R.B. Gardner H.L. Goldschmidt Bryant, R.L. and P.A. Griffiths.
Exterior differential systems.
Springer-Verlag, 1991.

¥ Mark J. Gotay.
An exterior differential system approach to the cartan form.
In Elhadad J. Tuynman G.M. Donato P., Duval C., editor, Symplectic
geometry and mathematical physics. Actes du colloque de géométrie
symplectique et physique mathématique en I'honneur de Jean-Marie Souriau,
Aix-en-Provence, France, June 11-15, 1990., pages 160 —188. Progress in
Mathematics. 99. Boston, MA etc.: Birkhauser. viii, 478 p. (1991). [ISBN
0-8176-3581-5/hbk], 1991.

¥ David Hartley, Robin W. Tucker, and Phillip A. Tuckey.
Constrained dynamics and exterior differential systems.
J. Phys., A24:5253-5266, 1991.
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For Further Reading Il
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Cartan for beginners: differential geometry via moving frames and exterior
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