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Motivation

The constraint distribution play a double role in nonholonomic
mechanics.

e Kinematic contraints. They restrict the phase space
velocities.

e Variational contraints. They restrict the variational space
by means of the D’Alembert Priciple.
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Motivation

The constraint distribution play a double role in nonholonomic
mechanics.

e Kinematic contraints. They restrict the phase space
velocities.
e Variational contraints. They restrict the variational space

by means of the D’Alembert Priciple.

Generalized nonholonomic systems:
Examples:
e control of mechanical systems,
e stabilization of an unstable equilibrium,
@ impose constants of motion to controlled systems,
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Nonholonomic mechanical systems

Let g: E xq E — R be a fiber metric in the Lie algebroid e
(E7 [ y ']7 p)

The systems considered are the nonholonomic mechanical
systems determined by:

e A Lagrangian function L:

L(e) = yole,e) ~ V(t(e)), ecE,

with V a potential function on M.

e Nonholonomic (linear) constraints determined by a
subbundle D of E.
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Let us consider the orthogonal decomposition E = D @ D+, and
the associated orthogonal projectors

P:E—D Q:E—Dt

We choose a local basis of sections of E, {ea}, adapted to (L, D),
that is:
(i) {ea} is an orthogonal basis with respect to g
(ie., glea,eB) = daB)
(i) {ea} = {eq, e} where D = span{e,}, D+ = span{eq},
(iii) and denote (x*,y”) = (x*,y%,y*) the induced coordinates
on E
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Then we have the local structure functions:

(Ph.CSp)

induced by the adapted basis. That is,

0
plea) = pﬁ\w, [ea,ep] = CSpec

and,
o L(x*y™) =Y A(y™)? = V(xH),
@ y* =0 are the local equations determining the vector

subbundle D of E.
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Motion equations of the nonholonomic mechanical

system

v(t) = (x*(t),y(t)) a curve in E

v is a solution

Y% + Co Uy + pliger =0

Paula Balseiro — ICMAT (CSIC-UAM-UC3M-UCM)



The structure of an almost-Lie algebroud

Definition

An almost-Lie algebroid structure in the vector fiber bundle
Tp : D — Q is a R-linear bracket

[-,-]p :T(tp) x I'(tp) — I'(Tp) and a morphism of vectorial
fiber bundles pp : D — TQ, the anchor map, such that

Q [, Ip is skew-symmetric,

[[X,Y]]D :_[[Y7X]]D7 for X7YE F(TD)

@ If we denote pp : T'(tp) — X(Q) the morphism of
C*°(Q)-modulo induced by the anchor map, the

[X, fYlp = fIX, YIp + po (X)(1)Y,

for X,Y € T(D) and f € C*(Q).
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Nonholonomic mechanics & Mechanics in almost-Lie

algebroids

D Ie PD TQ

Q
For all X,Y € I'(tp) we define
e [X,Ylp =Plip o X,ip o Y]
o pp(X) =p(ip o X)
Then the local structure functions are
o [eq,eplp =Pleq, en] =P (CSpec + CXpea) = CSpec,

° pp(eq) = pﬁ%
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Almost-Lie algebroid(D, [, Ip, pp)

|

Linear bivector Ap+ in D*

0 0 1 0 0
Aps = ph—A — =CG¢ — A —.
P P oxH  0pa 2 abPe Opa  OPb

where (x*,pq) are the induced coordinates on D*.

{Xuvxy}D* =0
{x*, patD* = ph
Pa,PoiD* = —CSyPe

Linear almost Poisson
structure { , }p~

Paula Balseiro — ICMAT (CSIC-UAM-UC3M-UCM)



o (D,{,}p*, pD, ) is a hamiltonian system,
o The Hamiltonian vector field on D*: Xy, = —i(dh)Ap=

e Hamilton equations:

. . Oh
~1l _ 1
7 Py,
. 0h oh
e = — (ot 4 e pe
pa <pa aql + abpc apb)
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With the Legendre tranformation we obtain an almost Poisson
bracketon D: {, i p

In this case,
o 1:D — Ris l(x*,y%) =3 (Y4)? — V(xH).

o The Euler-Lagrange equation are:

dxH

i x*,Eth,p = phy“,

dya a _ c c.. b n oV
dt {y aEl}l,D - Gaby Y Pa axu'

where E; is the energy defined as E{(e) = (Legi(e), e) — l(e)
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Geometric formulation of the generalized nonholonomic

mechanics

Let g: E xg E — R a fiber metric in the Lie algebroid

(E, [, ], 0).

Here we will consider the generalized nonholonomic mechanical
systems which are determined by:

e A lagrangian function L:

L(e) = jole,) - V(t(e)), eeF,

with V a potential function on M.

e Kinematic constraints determined by the distribution D
of E,

e Variational constraints determined by the distribution
D.
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We assume the compatibility condition E =D ¢ D-L.

Given local coordinates (x!) in Q and a local basis of sections in

E, {ea}, adapted to the generalized nonholonomic problem
(L,D,D):

(i) {ea} = {ea, e«) where D = span{eq}, D+ = span{eq).
(ii) {eq} y {e«} are orthogonal with respect to g.

(iii) and denote (x*,y*) = (x*,y*,y%*) the induced coordinates
on E.
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Then (p;, GE\B) are the local structure functions, induced by
the orthonormal basis adapted to D and to D+.

)_ua

plea) = ph3s2:, lea,esl =CSpec

In this basis,

o L(x*, Y% y%) =X A(u")? + gaayty® — V(xH),
@ y* =0 are the local equations defining the vector
subbundle D on E.

o D° = span{ga«e® + e*}
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Motion equations of the generalized nonholonomic

system

v(t) = (x*(t),y™(t)) curve in E

v is a solution

)

o) oL C .. b n oL __
aya) + @eaby — Pazxr = A*gax

oL oL C ,,b L oL _ y«x
aya) + ayC Copl¥’ — Pagyr = A

Paula Balseiro — ICMAT (CSIC-UAM-UC3M-UCM)



After some computations we get

i = W (€5 + 0enehy — 9ane
9g
—9ca0ayCap — 9day p{,‘)] yy®
_ oV
—W% (ol — gaapl) 5

X o= puy?
where W is the hessian matriz of L: E — R.

In—m

wz( IG“} G )mme:(gw).
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A new geometric structure

Let us denote

G = W (€5, + 0cpCh, — 9aaCis

ag
_gcocgdyez(b_gdcx Xcocpg>

b= (W% (ph — ganph)
(PzD)ﬁL = pﬁ

Then we rewrite the motion equations as:

X' = (p2p)iy®
oV

. _ e b..c i
v = —Cwy'y —(plD)a@
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Almost-Leibniz algebroid structure

Definition

An almost-Leibniz algebroid structure in the vector bundle
Tp : D — Q is a R-linear bracket

[,-]lp : T(tp) x I'(tp) — I'(tp) and two vector bundle
morphism pip : D — TQ, and psp : D — TQ (anchor maps),
such that

[fX, gYlp = fp1ip(X)(g)Y — gp2p (V) ()X + fglX, Ylp

for X,Y € I'(D) and f,g € C*(Q).
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Generalized nonholonomic mechanics and mechanics on

almost-Leibniz algebroids

In a generalized nonholonomic system we have a metric g and
two distributions D and D.
Associated to the decomposition D & D+ = E we have the
projector

P. E — D

and associated to D @ DL = E the projector

P: E — D
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For all X,Y € I'(tp) we define
o [X,Y];p 5, = Plip o PX,ip o Y]
o pip(X) = plig o PX)
e pop(X) = p(ipX)
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For all X,Y € I'(tp) we define

o [X,Y];p 5, = Plip o PX,ip o Y]
(ig o PX)
(ipX)

° pip|

X)=p
° pop(X) =p

Then it is verified:

[fX,9Y] p 5) = fP1iD (X)(9)Y — g2 (V) ()X + fgIX, Y] |

and
[[eaaebﬂ(DJS) — é((:1bec>
0
—17ad
pip(ea) = W@ (pﬁ—gdo«p&)w,
(ea) = phi~
P2p€a Paaxj-

Paula Balseiro — ICMAT (CSIC-UAM-UC3M-UCM)



Almost-Leibniz algebroid structure (D, [, ]](D By P1D; P2D)

ﬂ

2-contravariant linear tensor /\(D* D) in D*

0 0 0 0 = 0 0
Ao o= w_= — PR S L S

where (x",pq) are the induced coordinates on D*.

{Xuv XY}(D*76) =0
Linear almost Poisson {X”,Pa}(D*yﬁ) = (p2p)b
structure { ’}(D*,ﬁ) {Payxu}(D*ﬁ) = _(plD)clELL

{pa7pb}(D*7f)) = _egbpc
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e h:D* — R a hamiltonian function on D*.
(D, 15,{ , }D*, P1D, P2D, h) is a hamiltonian system,
The Hamiltonian vector field on D*: X, = —i(dh)Ap+«

o Hamilton equations:

i . 0h
q- = (PzD)Zapa

. 0h ~ oh
by = — i O e O
p ((plD)aaq1 + CavPe apb>
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Mechanics in almost-Leibniz algebroids

If 1: D — R is a regular Lagragian, with the pull back of the
Legendre transformation we obtain an almost Poisson bracket
inD: {,} (LD.D)
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Mechanics in almost-Leibniz algebroids

If 1: D — R is a regular Lagragian, with the pull back of the
Legendre transformation we obtain an almost Poisson bracket
inD: {,} (LD.D)

In this case, 1: D — R is L(x*,y%) = Y (y*)? — V(x*), then
the Euler-Lagrange equations are:

dx*

el X" B pp) = (P2D)ay",

dy® - 3%
prali V% E)Lp.p) = —Canyy® — (pin)h 8 3

with the energy defined as E(e) = (Legi(e), e) — l(e).
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Differential map on an almost-Lie algebroid

Almost-Lie algebroid (D, [, Ip,pp)

ﬂ

An almost differential dP : T(A*D*) — T'(AKT1D*)

(1) (dP)(&) = ppl(&)(f), feC®(Q), &eT(tp)

(2) dPo(&1,82) = ppl(&1)(o(é2)) — pp(E2)(0(&1))
_G[[Ela E»QJ]Dv (ORS F(TD*)7 51752 S F(TD)

In general | (dP)2 #0
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Hamilton-Jacobi Theorem on an almost-Lie algebroid

Let A: Q — D* be a section of Tp+ : D* — Q.

X
D* - TD*

1
A / Tp* TTD*

Q TQ

Let us define X} = Ttp- o Xj, 0 A.
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Hamilton-Jacobi Theorem on an almost-Lie algebroid

Theorem (Hamilton-Jacobi)

Let dPA = 0.

(i) 0: I — Q integral curve of X} = A o o integral curve of X,
h

i}
(it) dP(hoA)=0
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The differential map on an almost-Leibniz algebroid

Let (D, [, ]](D B) P1D: pop) be an almost-Leibniz algebroid.

Almost-Leibniz algebroid(D, [, ]] ,P1D, P2D)

ﬂ

An almost differential d(PD) :T(T*D*) — T(T*F1D*), k =0, 1
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The differential map on an almost-Leibniz algebroid

Let (D, [, ]](D B) P1D: pop) be an almost-Leibniz algebroid.

Almost-Leibniz algebroid(D, [, ]] ,P1D, P2D)

ﬂ

An almost differential d(PD) :T(T*D*) — T(T*F1D*), k =0, 1

(1) (dPPIf)E) = pap(E)(f), feC®(Q), &el(tp)

(2) dPPo(Ey,8) = pap(&1)(0(E2)) — pip(E2)(0(E1))
Y ([[5,1752]]1375) , 0€T(tp+),&,& €T (D)

In general | (d(P-P))2 £ 0
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Hamilton-Jacobi Theorem for generalized nonholonomic

systems

Consider A : Q — D* a section of tp+ : D* — Q.

Xn

D* TD*
T
A Tp* Trp*
\ X)\
"Q " TQ

Then, let us define X} = Ttp« o Xj, o A.
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Hamilton-Jacobi Theorem for generalized nonholonomic

systems

Theorem (Hamilton-Jacobi)

Sea d(D’ﬁ)A =0.

(i) 0: I — Q integral curve of X{‘L = A o 0 integral curve of Xy

)
(i) dPPl(hoA)=0
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