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Motivation

The constraint distribution play a double role in nonholonomic
mechanics.

Kinematic contraints. They restrict the phase space
velocities.
Variational contraints. They restrict the variational space
by means of the D’Alembert Priciple.

Generalized nonholonomic systems:
Examples:

control of mechanical systems,
stabilization of an unstable equilibrium,
impose constants of motion to controlled systems,
...
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Nonholonomic mechanical systems

Let g : E×Q E → R be a fiber metric in the Lie algebroid e
(E, [· , ·], ρ).
The systems considered are the nonholonomic mechanical
systems determined by:

A Lagrangian function L:

L(e) =
1
2
g(e, e) − V(τ(e)), e ∈ E,

with V a potential function on M.
Nonholonomic (linear) constraints determined by a
subbundle D of E.
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Let us consider the orthogonal decomposition E = D⊕D⊥, and
the associated orthogonal projectors

P : E −→ D Q : E −→ D⊥

We choose a local basis of sections of E, {eA}, adapted to (L,D),
that is:
(i) {eA} is an orthogonal basis with respect to g

(i.e., g(eA, eB) = δAB)
(ii) {eA} = {ea, eα} where D = span{ea}, D⊥ = span{eα},
(iii) and denote (xµ,yA) = (xµ,ya,yα) the induced coordinates

on E
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Then we have the local structure functions:

(ρ
µ
A,CC

AB)

induced by the adapted basis. That is,

ρ(eA) = ρ
µ
A

∂

∂xµ
, [[eA, eB]] = CC

ABeC

and,

L(xµ,yA) =
∑

A(yA)2 − V(xµ),
yα = 0 are the local equations determining the vector
subbundle D of E.
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Motion equations of the nonholonomic mechanical
system

γ(t) = (xµ(t),yA(t)) a curve in E

γ is a solution

m

ẋµ = ρ
µ
aya

d
dt( ∂L

∂ya ) + ∂L
∂yC CC

abyb − ρ
µ
a

∂L
∂xµ = 0

or equivalently

ẋµ = ρ
µ
aya

ẏa + Cc
abybyc + ρ

µ
a

∂V
∂xµ = 0
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The structure of an almost-Lie algebroid

Definition
An almost-Lie algebroid structure in the vector fiber bundle
τD : D → Q is a R-linear bracket
[[·, ·]]D : Γ(τD)× Γ(τD) → Γ(τD) and a morphism of vectorial
fiber bundles ρD : D → TQ, the anchor map, such that

1 [[·, ·]]D is skew-symmetric,

[[X,Y]]D = −[[Y,X]]D, for X,Y ∈ Γ(τD).

2 If we denote ρD : Γ(τD) → X(Q) the morphism of
C∞(Q)-modulo induced by the anchor map, the

[[X, fY]]D = f[[X,Y]]D + ρD(X)(f)Y,

for X,Y ∈ Γ(D) and f ∈ C∞(Q).
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Nonholonomic mechanics & Mechanics in almost-Lie
algebroids

D
� � ρD //

τD

��?
??

??
??

??
??

??
??

? TQ

τ

~~~~
~~

~~
~~

~~
~~

~~
~~

Q

For all X,Y ∈ Γ(τD) we define

[[X,Y]]D = P[[iD ◦ X, iD ◦ Y]]

ρD(X) = ρ(iD ◦ X)

Then the local structure functions are
[[ea, eb]]D = P[[ea, eb]] = P

(
Cc

abec + Cα
abeα

)
= Cc

abec,

ρD(ea) = ρ
µ
a

∂
∂xµ
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Almost-Lie algebroid(D, [[ , ]]D, ρD)
KS

��
Linear bivector ΛD∗ in D∗

��

KS

ΛD∗ = ρµ
a

∂

∂xµ
∧

∂

∂pa
−

1
2
Cc

abpc
∂

∂pa
∧

∂

∂pb
.

where (xµ,pa) are the induced coordinates on D∗.

Linear almost Poisson
structure { , }D∗


{xµ, xγ}D∗ = 0
{xµ,pa}D∗ = ρ

µ
a

{pa,pb}D∗ = −Cc
abpc
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(D, { , }D∗ , ρD,h) is a hamiltonian system,
The Hamiltonian vector field on D∗: Xh = −i(dh)ΛD∗

Hamilton equations:

q̇i = ρi
a

∂h

∂pa

ṗa = −

(
ρi

a

∂h

∂qi
+ Cc

abpc
∂h

∂pb

)
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With the Legendre tranformation we obtain an almost Poisson
bracket on D: { , }l,D

In this case,
l : D −→ R is l(xµ,ya) =

∑
a(ya)2 − V(xµ).

The Euler-Lagrange equation are:

dxµ

dt
= {xµ,El}l,D = ρµ

aya,

dya

dt
= {ya,El}l,D = −Cc

abycyb − ρµ
a

∂V

∂xµ
.

where El is the energy defined as El(e) = 〈Legl(e), e〉− l(e)
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Geometric formulation of the generalized nonholonomic
mechanics

Let g : E×Q E → R a fiber metric in the Lie algebroid
(E, [· , ·], ρ).
Here we will consider the generalized nonholonomic mechanical
systems which are determined by:

A lagrangian function L:

L(e) =
1
2
g(e, e) − V(τ(e)), e ∈ E,

with V a potential function on M.
Kinematic constraints determined by the distribution D

of E,
Variational constraints determined by the distribution
D̃.
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We assume the compatibility condition E = D⊕ D̃⊥.

Given local coordinates (xi) in Q and a local basis of sections in
E, {eA}, adapted to the generalized nonholonomic problem
(L,D, D̃):

(i) {eA} = {ea, eα} where D = span{ea}, D̃⊥ = span{eα}.
(ii) {ea} y {eα} are orthogonal with respect to g.
(iii) and denote (xµ,yα) = (xµ,ya,yα) the induced coordinates

on E.
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Then (ρ
µ
A,CC

AB) are the local structure functions, induced by
the orthonormal basis adapted to D and to D̃⊥.

ρ(eA) = ρ
µ
A

∂
∂xµ , [[eA, eB]] = CC

ABeC

In this basis,

L(xµ,ya,yα) =
∑

A(yA)2 + gaαyayα − V(xµ),
yα = 0 are the local equations defining the vector
subbundle D on E.
D̃o = span{gaαea + eα}
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Motion equations of the generalized nonholonomic
system

γ(t) = (xµ(t),yA(t)) curve in E

γ is a solution

m

ẋµ = ρ
µ
aya

d
dt( ∂L

∂ya ) + ∂L
∂yC CC

abyb − ρ
µ
a

∂L
∂xµ = λαgaα

d
dt( ∂L

∂yα ) + ∂L
∂yC CC

αbyb − ρ
µ
α

∂L
∂xµ = λα
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After some computations we get

ẏa = −

[
[W−1]ad

(
Cc

db + gcβC
β
db − gdαCc

αb

−gcαgdγC
γ
αb − gdα

∂gcα

∂xµ
ρ

µ
b

)]
ycyb

−[W−1]ad(ρ
µ
d − gdαρµ

α)
∂V

∂xµ

ẋµ = ρµ
aya

where W is the hessian matrix of L : E −→ R.

W =

(
Im G

GT In−m

)
with G = (gaα).

Paula Balseiro – ICMAT (CSIC-UAM-UC3M-UCM)



A new geometric structure

Let us denote

C̃c
ab = [W−1]ad

(
Cc

db + gcβC
β
db − gdαCc

αb

−gcαgdγC
γ
αb − gdα

∂gcα

∂xµ
ρ

µ
b

)
(ρ1D)µ

a = [W−1]ad(ρ
µ
d − gdαρµ

α)

(ρ2D)µ
a = ρµ

a

Then we rewrite the motion equations as:

ẋi = (ρ2D)i
aya

ẏa = −C̃c
abybyc − (ρ1D)i

a

∂V

∂xi
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Almost-Leibniz algebroid structure

TQ

τTQ

  A
AA

AA
AA

AA
AA

AA
AA

A D
ρ2D //ρ1Doo

τD

��

TQ

τTQ

~~}}
}}

}}
}}

}}
}}

}}
}}

Q

Definition
An almost-Leibniz algebroid structure in the vector bundle
τD : D → Q is a R-linear bracket
[[·, ·]]D : Γ(τD)× Γ(τD) → Γ(τD) and two vector bundle
morphism ρ1D : D → TQ, and ρ2D : D → TQ (anchor maps),
such that

[[fX,gY]]D = fρ1D(X)(g)Y − gρ2D(Y)(f)X + fg[[X,Y]]D

for X,Y ∈ Γ(D) and f,g ∈ C∞(Q).
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Generalized nonholonomic mechanics and mechanics on
almost-Leibniz algebroids

In a generalized nonholonomic system we have a metric g and
two distributions D and D̃.
Associated to the decomposition D⊕D⊥ = E we have the
projector

P : E −→ D

and associated to D̃⊕D⊥ = E the projector

P̃ : E −→ D̃
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For all X,Y ∈ Γ(τD) we define

[[X,Y]]
(D,D̃)

= P[[i
D̃
◦ P̃X, iD ◦ Y]]

ρ1D(X) = ρ(i
D̃
◦ P̃X)

ρ2D(X) = ρ(iDX)

Then it is verified:

[[fX,gY]]
(D,D̃)

= fρ1D(X)(g)Y − gρ2D(Y)(f)X + fg[[X,Y]]
D,D̃

and

[[ea, eb]]
(D,D̃)

= C̃c
abec,

ρ1D(ea) = [W−1]ad(ρ
µ
d − gdαρµ

α)
∂

∂xµ
,

ρ2D(ea) = ρµ
a

∂

∂xµ
.
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Almost-Leibniz algebroid structure (D, [[ , ]]
(D,D̃)

, ρ1D, ρ2D)
KS

��
2-contravariant linear tensor Λ

(D∗,D̃)
in D∗

��

KS

Λ
(D∗,D̃)

= (ρ2D)µ
a

∂

∂xµ
⊗ ∂

∂pa
−(ρ1D)µ

a

∂

∂pa
⊗ ∂

∂xµ
−C̃c

abpc
∂

∂pa
⊗ ∂

∂pb
.

where (xµ,pa) are the induced coordinates on D∗.

Linear almost Poisson
structure { , }

(D∗,D̃)


{xµ, xγ}

(D∗,D̃)
= 0

{xµ,pa}
(D∗,D̃)

= (ρ2D)
µ
a

{pa, xµ}
(D∗,D̃)

= −(ρ1D)
µ
a

{pa,pb}
(D∗,D̃)

= −C̃c
abpc
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h : D∗ → R a hamiltonian function on D∗.
(D, D̃, { , }D∗ , ρ1D, ρ2D,h) is a hamiltonian system,
The Hamiltonian vector field on D∗: Xh = −i(dh)ΛD∗

Hamilton equations:

q̇i = (ρ2D)i
a

∂h

∂pa

ṗa = −

(
(ρ1D)i

a

∂h

∂qi
+ C̃c

abpc
∂h

∂pb

)
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Mechanics in almost-Leibniz algebroids

If l : D −→ R is a regular Lagragian, with the pull back of the
Legendre transformation we obtain an almost Poisson bracket
in D: { , }

(l,D,D̃)

In this case, l : D −→ R is l(xµ,ya) =
∑

a(ya)2 − V(xµ), then
the Euler-Lagrange equations are:

dxµ

dt
= {xµ,El}(l,D,D̃)

= (ρ2D)µ
aya,

dya

dt
= {ya,El}(l,D,D̃)

= −C̃c
abycyb − (ρ1D)µ

a

∂V

∂xµ
.

with the energy defined as El(e) = 〈Legl(e), e〉− l(e).
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Differential map on an almost-Lie algebroid

Almost-Lie algebroid (D, [[ , ]]D, ρD)
KS

��
An almost differential dD : Γ(ΛkD∗) −→ Γ(Λk+1D∗)

(1) (dDf)(ξ) = ρD(ξ)(f), f ∈ C∞(Q), ξ ∈ Γ(τD)

(2) dDσ(ξ1, ξ2) = ρD(ξ1)(σ(ξ2)) − ρD(ξ2)(σ(ξ1))

−σ[[ξ1, ξ2]]D, σ ∈ Γ(τD∗), ξ1, ξ2 ∈ Γ(τD)

In general (dD)2 6= 0
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Hamilton-Jacobi Theorem on an almost-Lie algebroid

Let λ : Q −→ D∗ be a section of τD∗ : D∗ −→ Q.

D∗

τD∗

��

Xh // TD∗

TτD∗

��
Q

λ

==

Xλ
h // TQ

Let us define Xλ
h = TτD∗ ◦ Xh ◦ λ.
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Hamilton-Jacobi Theorem on an almost-Lie algebroid

Theorem (Hamilton-Jacobi)

Let dDλ = 0.

(i) σ : I → Q integral curve of Xλ
h ⇒ λ ◦ σ integral curve of Xh

m

(ii) dD(h ◦ λ) = 0
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The differential map on an almost-Leibniz algebroid

Let (D, [[ , ]]
(D,D̃)

, ρ1D, ρ2D) be an almost-Leibniz algebroid.

Almost-Leibniz algebroid(D, [[ , ]]
(D,D̃)

, ρ1D, ρ2D)

��

An almost differential d(D,D̃) : Γ(TkD∗) −→ Γ(Tk+1D∗),k = 0, 1

(1) (d(D,D̃)f)(ξ) = ρ2D(ξ)(f), f ∈ C∞(Q), ξ ∈ Γ(τD)

(2) d(D,D̃)σ(ξ1, ξ2) = ρ2D(ξ1)(σ(ξ2)) − ρ1D(ξ2)(σ(ξ1))

− σ
(
[[ξ1, ξ2]]D,D̃

)
, σ ∈ Γ(τD∗), ξ1, ξ2 ∈ Γ(τD)

In general (d(D,D̃))2 6= 0
Paula Balseiro – ICMAT (CSIC-UAM-UC3M-UCM)



The differential map on an almost-Leibniz algebroid

Let (D, [[ , ]]
(D,D̃)

, ρ1D, ρ2D) be an almost-Leibniz algebroid.

Almost-Leibniz algebroid(D, [[ , ]]
(D,D̃)

, ρ1D, ρ2D)

��

An almost differential d(D,D̃) : Γ(TkD∗) −→ Γ(Tk+1D∗),k = 0, 1

(1) (d(D,D̃)f)(ξ) = ρ2D(ξ)(f), f ∈ C∞(Q), ξ ∈ Γ(τD)

(2) d(D,D̃)σ(ξ1, ξ2) = ρ2D(ξ1)(σ(ξ2)) − ρ1D(ξ2)(σ(ξ1))

− σ
(
[[ξ1, ξ2]]D,D̃

)
, σ ∈ Γ(τD∗), ξ1, ξ2 ∈ Γ(τD)

In general (d(D,D̃))2 6= 0
Paula Balseiro – ICMAT (CSIC-UAM-UC3M-UCM)



Hamilton-Jacobi Theorem for generalized nonholonomic
systems

Consider λ : Q −→ D∗ a section of τD∗ : D∗ −→ Q.

D∗

τD∗

��

Xh // TD∗

TτD∗

��
Q

λ

==

Xλ
h // TQ

Then, let us define Xλ
h = TτD∗ ◦ Xh ◦ λ.
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Hamilton-Jacobi Theorem for generalized nonholonomic
systems

Theorem (Hamilton-Jacobi)

Sea d(D,D̃)λ = 0.

(i) σ : I → Q integral curve of Xλ
h ⇒ λ ◦ σ integral curve of Xh

m

(ii) d(D,D̃)(h ◦ λ) = 0
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