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@ (P,w) is a symplectic manifold,

we Q*P), dw=0, wnon-degenerate

Miguel Rodriguez-Olmos (EPFL) Stability of Simple Mechanical Systems

3/27



Symmetric Hamiltonian Systems
Let (P,w, G, J, h) be a symmetric Hamiltonian system, where

@ (P,w) is a symplectic manifold,
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@ ¢v: G x P — Pis a proper smooth Hamiltonian action of a Lie group
Gv
pgw=w VgEG
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Symmetric Hamiltonian Systems
Let (P,w, G, J, h) be a symmetric Hamiltonian system, where
@ (P,w) is a symplectic manifold,

we Q*P), dw=0, wnon-degenerate

@ ¢v: G x P — Pis a proper smooth Hamiltonian action of a Lie group
Gv
pgw=w VgEG

@ J: P — g* is the associated equivariant momentum map,

w(ép,) = (dI(),§) VEeg
g-2) = Adg(J(2))
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Symmetric Hamiltonian Systems
Let (P,w, G, J, h) be a symmetric Hamiltonian system, where
@ (P,w) is a symplectic manifold,

we Q*P), dw=0, wnon-degenerate

@ ¢v: G x P — Pis a proper smooth Hamiltonian action of a Lie group
G,
pgw=w VgEG

@ J: P — g* is the associated equivariant momentum map,

w(ép,) = (dI(),§) VEeg
g-2) = Adg(J(2))

@ he C*®(P)is a G-invariant function (the Hamiltonian).
h(g - z) = h(z)
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@ Hamilton's equations:
w(Xp, ) =dh

@ Hamiltonian flow: X, = ¢§<h : P — P is G-equivariant

ok (g-2) =g 9% (2), VgeG,zeP
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@ Hamilton's equations:
w(Xp, ) =dh

@ Hamiltonian flow: X, = ¢§<h : P — P is G-equivariant

ok (g-2) =g 9% (2), VgeG,zeP

e Conservation of Energy: (antisymmetry of w)

h(¢X,(2)) = h(2)
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Hamilton's equations:
w(Xp, ) =dh

Hamiltonian flow: X, = ¢§<h : P — P is G-equivariant

ok (g-2) =g 9% (2), VgeG,zeP

e Conservation of Energy: (antisymmetry of w)

h(¢X,(2)) = h(2)

o Noether's Theorem: (G-invariance of h)
J(¢x,(2) = I(2)
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Relative Equilibria
Definition

A point z € P is a relative equilibrium if

¢x,(2) S G-z
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Relative Equilibria
Definition

A point z € P is a relative equilibrium if

¢§<h(z) CG-z

Important Properties

o If zis a RE with J(z) = p then 3¢ € g, s.t.

9%, (2) = exp(t€) - z

Gu=1{g€G:Adgu=np} g,=LieG,
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Relative Equilibria
Definition

A point z € P is a relative equilibrium if

¢§<h(z) CG-z

Important Properties

o If zis a RE with J(z) = p then 3¢ € g, s.t.

9%, (2) = exp(t€) - z

Gu=1{g€G:Adgu=np} g,=LieG,

o If z is a relative equilibrium then all points in G - z are also RE
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Relative Equilibria
Definition

A point z € P is a relative equilibrium if

ng(h(z) CG-z

Important Properties

o If zis a RE with J(z) = p then 3¢ € g, s.t.

9%, (2) = exp(t€) - z

Gu=1{g€G:Adgu=np} g,=LieG,

o If z is a relative equilibrium then all points in G - z are also RE
o A point z € P with J(z) = p is a RE iff [2] € J7(u)/G,, is a fixed
point for the Hamiltonian continuous flow induced by ¢§<h.
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Isotropy

e Every { € g, for which

$x,(2) = exp(t§) - z

is called a velocity of the RE.
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Isotropy

e Every { € g, for which

$x,(2) = exp(t§) - z

is called a velocity of the RE.

@ If the G-action is not free, the velocity is not unique. If £ € g is a
velocity for a relative equilibrium z, then

E+¢

is another velocity for z, where ¢’ € g, = Lie G,.
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Isotropy

e Every { € g, for which

$x,(2) = exp(t§) - z

is called a velocity of the RE.

@ If the G-action is not free, the velocity is not unique. If £ € g is a
velocity for a relative equilibrium z, then

E+¢

is another velocity for z, where ¢’ € g, = Lie G,.

e By equivariance of J : P — g*, G, C G,.
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Isotropy

e Every { € g, for which

$x,(2) = exp(t§) - z

is called a velocity of the RE.

@ If the G-action is not free, the velocity is not unique. If £ € g is a
velocity for a relative equilibrium z, then

E+¢

is another velocity for z, where ¢’ € g, = Lie G,.
e By equivariance of J : P — g*, G, C G,.

@ Therefore in the case of singular Hamiltonian actions the same
relative equilibrium can be assigned several velocities at a given point.
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Examples of Relative Equilibria

@ Kepler's Problem:

2
P=TR G=S0(3), h= % + V(|x]).

RE correspond to circular orbits.
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Examples of Relative Equilibria

o Kepler's Problem:

2
P=T'R% G =S0(3), h= '2"| + V(|x)).
RE correspond to circular orbits.

@ Spherical Pendulum:

p|?

73: T*527 G=517h=%—mg/x-63.

RE correspond to circular motions with constant 6.
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Examples of Relative Equilibria

o Kepler's Problem:

2
P=T'R% G =S0(3), h= T<+wu)
RE correspond to circular orbits.

@ Spherical Pendulum:

2
P=Ts% G=5 h=PL
2m

— mglx - e3.
RE correspond to circular motions with constant 6.

e Riemann Ellipsoids (self-gravitating figures of equilibrium)
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Stability of Relative Equilibria

Definition (G. Patrick)

Let z € P be a relative equilibrium of the symmetric Hamiltonian system
(P,w, G, J, h) with momentum p = J(z).

The relative equilibrium z is (nonlinearly) stable modulo G, if for every
Gy-invariant neighborhood G, - z C V there is a neighborhood z € U such
that

P& (U)ycV Vtel.
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Stability of Relative Equilibria

Definition (G. Patrick)

Let z € P be a relative equilibrium of the symmetric Hamiltonian system
(P,w, G, J, h) with momentum p = J(z).

The relative equilibrium z is (nonlinearly) stable modulo G, if for every
Gy-invariant neighborhood G, - z C V there is a neighborhood z € U such
that

P& (U)ycV Vtel.

o Nonlinear stability = (<=) Spectral (or linear) stability.

@ Notion related to the Lyapunov stability of the corresponding fixed
point in the reduced space.
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Existence Conditions

Let z € P with J(z) = p and fix an element £ € g,,. Assume in the
following that G, is compact.

Definition

The augmented Hamiltonian is the function defined by

he(z) = h(z) — (3(2),€)-
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Existence Conditions

Let z € P with J(z) = p and fix an element £ € g,,. Assume in the
following that G, is compact.

Definition

The augmented Hamiltonian is the function defined by

he(z) = h(z) — (3(2),€)-

Theorem

Let z € P with J(z) = p and let £ € g,,. Then z is a RE with velocity & if
and only if
dhg(z) = 0.
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Stability Conditions
Construct the following G -invariant complements:

ker T,<J=g,-z®N, and gM:gzL@gz.
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Stability Conditions
Construct the following G,-invariant complements:

ker T,<J=g,-z®N, and g#:gZL@gz.

Theorem (Energy-Momentum Method. Lerman, Singer '98; Ortega,
Ratiu 99)

Let z € P be a R.E. with J(z) = u and velocity £ € g,,. Let &+ be the
projection of £ onto g+. Then £+ is also a velocity for the z. If the bilinear
form

dihiL‘N

is definite, then z is stable modulo G,,.

Note: N is called the symplectic normal space, and &+ an orthogonal
velocity.
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Symmetric Mechanical Systems

Most symmetric Hamiltonian systems can be constructed in the following
way:

Miguel Rodriguez-Olmos (EPFL) Stability of Simple Mechanical Systems 12 /27



Symmetric Mechanical Systems

Most symmetric Hamiltonian systems can be constructed in the following
way:
@ Let G act by isometries on a smooth Riemannian manifold
(M, < -, - >) configuration space.
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Symmetric Mechanical Systems

Most symmetric Hamiltonian systems can be constructed in the following
way:
@ Let G act by isometries on a smooth Riemannian manifold
(M, < -, - >) configuration space.

@ Let V be a G-invariant function on M potential energy.
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Symmetric Mechanical Systems

Most symmetric Hamiltonian systems can be constructed in the following
way:
@ Let G act by isometries on a smooth Riemannian manifold
(M, < -, - >) configuration space.
@ Let V be a G-invariant function on M potential energy.

@ The phase space P = T*M has a canonical symplectic structure and
the lifted action of G to T*M is Hamiltonian with momentum map

(J(px), &) = (px Em(x))-
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Symmetric Mechanical Systems

Most symmetric Hamiltonian systems can be constructed in the following
way:
@ Let G act by isometries on a smooth Riemannian manifold
(M, < -, - >) configuration space.
@ Let V be a G-invariant function on M potential energy.

@ The phase space P = T*M has a canonical symplectic structure and
the lifted action of G to T*M is Hamiltonian with momentum map

(J(px), &) = (px Em(x))-

@ The hamiltonian function h € C*°(T*M)
Lo
h(px) = §|px| + V(X)
is invariant by the lifted action of G on T*M.
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Definition

The symmetric Hamiltonian system constructed on the data

(M, < -,->,V,G) is a (symmetric) simple mechanical system on M.
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Definition
The symmetric Hamiltonian system constructed on the data
(M, < -,->,V,G) is a (symmetric) simple mechanical system on M.

Objective: Particularize to simple mechanical systems the conditions for
existence and stability of RE in terms of M instead of P = T*M.
(computational advantage, since dim M = % dim T*M).
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Definition
The symmetric Hamiltonian system constructed on the data
(M, < -,->,V,G) is a (symmetric) simple mechanical system on M.

Objective: Particularize to simple mechanical systems the conditions for
existence and stability of RE in terms of M instead of P = T*M.
(computational advantage, since dim M = 3 dim T*M).
For that, we need to re-express

(i) The augmented hamiltonian hg.

(i) The symplectic normal space N.
(iii) The restricted Hessian dgth‘N.

in terms of the data (M, < -,- >, V, G).
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Existence of Relative Equilibria
Proposition (Abraham, Marsden '78)

Relative Equilibria for the SMS (M, < -,- >, V, G) are characterized by
dVi(x) =0, xeM,feg
where 1
Ve(x) = V() — 26 1008)
is the augmented potential, and
<§7]I(X)77> =< éM(X)777M(X) > Vx € M7 &U €g

is the locked inertia tensor.
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Existence of Relative Equilibria
Proposition (Abraham, Marsden '78)

Relative Equilibria for the SMS (M, < -,- >, V, G) are characterized by

dVe(x) =0, xeEM, Eeg
where 1
Velx) = V() — 5(6,108)

is the augmented potential, and

<§7H(X)77> =< gM(X)’nM(X) > Vx € M7 5777 €y

is the locked inertia tensor.

The solutions (x, &) define a relative equilibrium pyx € T;M by
0 py =< &u(x), - >€ TiM.
@ velocity of the RE is €.

e momentum p = I(x)¢ € g*.
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A normal form for N

We first need like a realization of the symplectic normal space N adapted
to the geometric structure of simple mechanical systems.

Let px € T;;M be a relative equilibrium with configuration x, velocity £
and momentum g = I(x)¢.
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A normal form for N

We first need like a realization of the symplectic normal space N adapted
to the geometric structure of simple mechanical systems.

Let px € T;;M be a relative equilibrium with configuration x, velocity £
and momentum p = [(x)¢.

Step 1: Since Gp, = G, N G, is compact we can obtain a G, -invariant
splitting of g:

g=gx D g,fx @t with g, =gp @ g,fx and <g,i,]1(x)t> =0.
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A normal form for N

We first need like a realization of the symplectic normal space N adapted
to the geometric structure of simple mechanical systems.

Let px € T;;M be a relative equilibrium with configuration x, velocity £
and momentum p = [(x)¢.

Step 1: Since Gp, = G, N G, is compact we can obtain a G, -invariant
splitting of g:

g=gx D g,fx @t with g, =gp @ g,fx and <g,i,]1(x)t> =0.
Step 2: Let ¢+ = IP’Q; (€) the orthogonal velocity of the RE. Define

S = (g-x)'c M
g = {Aet:adyuegi}tCyg
Tint ::{)\M(X) bYa:Aeghaes, (DI (Au(x)+a)) (E4) g;*}cTXM
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Step 3: Let I : (95, ©t) x (g5, ®t) — R be the restriction of I(x). It is
non-degenerate. Define the singular Arnold form Ar: g* x g* — R as

(A1, Ar Ap) = <ad§\1,u,ﬁal(ad§\2,u) + Pyt o [adA (ﬁ61u>]) VA1, A2 € g
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Step 3: Let Ip : (95, ©t) x (g5, ®t) — R be the restriction of I(x). It is
non-degenerate. Define the singular Arnold form Ar: g* x g* — R as

(A1, Ar \p) = <ad§\1,u,ﬁal(ad§\2,u) + Pyt o [adA (ﬁaluﬂ) VA1, A2 € g

Proposition (M.R.-O., 2006)

At a relative equilibrium with configuration x € M, £ € g and momentum
w, if the singular Arnold form is non-degenerate, then there is a linear
isomorphism

0 " PLint ®S* = Ne T, (T*M).
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|dea of the proof

The proof is based on the following identifications:
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Idea of the proof

The proof is based on the following identifications:
1. The Sasaki metric on T*M allows to write down an isomorphism

M@ TEM — T, (T*M)
where

Verp,, = Tp (T M)~TiM

Horp, Verf)-xSasaki ~ T,M
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Idea of the proof

The proof is based on the following identifications:
1. The Sasaki metric on T*M allows to write down an isomorphism

TM® TiM — T, (THM)
where

Verp,, = To(TM)~T M

HOI‘pX — Verg—xSasaki ~ TXM

The horizontal space can also be defined as
Horp, = ker Kp,, ,

where K, : T, (T*M) — T,M is the connection map of the Ehreshman
connection on T*M associated to the Levi-Civita connection on M.
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The connection map is defined by

DV&(t)
K(Y) = Dt lt=0
where
o YeT,(T"M)
de(t
° fj(f)tzoz

o &(t) =7m(c(t)) e M
@ V is the Levi-Civita connection of < -, - >.
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The connection map is defined by

DV&(t)
K(Y) = Dt lt=0
where
o YeT,(T"M)
de(t
° fj(f)tzoz

o &(t) =7m(c(t)) e M
@ V is the Levi-Civita connection of < -, - >.

2. The splitting g = gx & g,fx @ t and the metric < -, - > allows us to
write down the following isomorphism

(05, DY) DS — TM
((€1,€2),a) — (&1+&)m(x)+a
18 / 27
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3. Then we can identify

NC (ghet)esS @ (g et as

~

Tp(T*M)
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3. Then we can identify

NC (ghet)esS @ (g et as
T M

~

Tp(T*M)
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3. Then we can identify

NC (ghet)esS @ (g et as

™ & T*M
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3. Then we can identify
NC (g, 00)@S & (g5, @) @S ~T,(T*M)
T M o M ~ Tp (T*M)
4. Let &+ = Pg,% o (the orthogonal velocity). The explicit isomorphism
of the Proposition is given by

g ® X S — NC (gg,®t) & S & (g5, ®t)" @S

(A1, (M2)m(x) +a),7) +— (A1 + Ao, a, N3, 7)
with
1
Ns = 5Py e [(DI- €h(x)) (A +22) +adj, . — (DI 2)(¢5)]
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Stability of Relative Equilibria

M. R.-O. “Stability of Relative Equilibria with Singular Momentum Values in
Simple Mechanical Systems”. Nonlinearity 19 (2006) 853-877.
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Stability of Relative Equilibria
M. R.-O. “Stability of Relative Equilibria with Singular Momentum Values in
Simple Mechanical Systems”. Nonlinearity 19 (2006) 853-877.

In this adapted coordinates we can express the Hessian of the augmented
Hamiltonian (stability test) as

q,u Zint S*
Ar 0 0
dp heily = 0 (d3Ver + corr El)‘zint 0
0 0 L5 >
with

corr s (v1,2) = (Bys o0 [(D1- )(€1)] 05" (Byy o0 [(D1- v2)(€1)]))

for every vi, v» € T,y M.
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Stability of Relative Equilibria
M. R.-O. “Stability of Relative Equilibria with Singular Momentum Values in
Simple Mechanical Systems”. Nonlinearity 19 (2006) 853-877.

In this adapted coordinates we can express the Hessian of the augmented
Hamiltonian (stability test) as

q,u Zint S*
Ar 0 0
d3 hefyy = 0 (dXVer + corr El)‘zint 0
0 0 L5 >
with

corr ¢ (1, v2) = (Pyy e | (DT v1)(€4)] 1 T5? (Pgy e [ (T w2)(€H)]))

for every vi,vo € T,M.

Since < -, - > is positive-definite, d%xhéL‘N is definite if both Ar and

(d2V) ¢1 4 corr g1 are positive definite.

)‘ zint
Miguel Rodriguez-Olmos (EPFL) Stability of Simple Mechanical Systems 21 /27



Theorem (M.R.-O., 2006)

Let (x,&) define a relative equilibrium with configuration x, velocity & and
momentum . for the simple mechanical system (M, < -,- >V, G).
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Theorem (M.R.-O., 2006)

Let (x,&) define a relative equilibrium with configuration x, velocity & and
momentum . for the simple mechanical system (M, < -,- >V, G).

Suppose that Ar is non-degenerate and let £+ = IP’Q# (&) the orthogonal
velocity. If

Q@ Ar >0, and
@ (diVer +correi)y >0

then the relative equilibrium is (nonlinearly) G,-stable.
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The case of a degenerate Arnold form

If the Arnold form is degenerate, the same techniques still produce a (less)
optimal normal form for N

p:q"©S®ST — NCTp(T"M),

In this case we have a block-diagonalization for the Hessian:

¥ S*
) _ (d2Ver +corr i (%)) 0
dthﬁj“N - ( 0 L >

where

Y={d(x)+a:VAeg' aecS}~g'xS.
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Theorem (M.R.-O., 2006)

Let (x,&) define a relative equilibrium with configuration x, velocity & and
momentum . for the simple mechanical system (M, < -,- >,V G). If
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Theorem (M.R.-O., 2006)

Let (x,&) define a relative equilibrium with configuration x, velocity & and
momentum . for the simple mechanical system (M, < -,- >,V G). If

(d3Ver +correr)y >0

then the relative equilibrium is (nonlinearly) G,,-stable.
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Example: The Sleeping Lagrange Top
The Lagrange top (axisymmetric rigid body with fixed point in uniform
gravity field).
e M=S0(3), G=T?=S'xS!
o h(A, )= 3n-Ex'm + mglhes - e3, with A € SO(3), 7 € R3 ~ 50(3)
o E=diag(h,h, ) and En = AEA*.

M = total mass

g = gravitational
acceleration center of mass
Q = body angular
velocity of top
I = distance from fixed
point to center of mass
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o A=1,6=()\0)eR xR =1tisa R.E. (sleeping Lagrange top).
@ Py = (/,)\/3 e3), pr = Sl, Gﬂ = T2.
@ Orthogonal velocity (choices parametrized by k):

1 k
J_— —_— —
§ _)‘(1+k’ 1+k>
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o A=1,6=()\0)eR xR =1tisa R.E. (sleeping Lagrange top).
@ Py = (/,)\/3 e3), pr = 51, Gﬂ = Tz.
@ Orthogonal velocity (choices parametrized by k):
1 k
i
=\l -

¢ 1+k> 1+k

Using the general Energy-Momentum Method:

Figure: Ortega, Ratiu, Nonlinearity '99

Now set (a;, az) = vc(k) and combine the expressions (38) and (39) to obtain the following
matrix of the Hessian d?(h — J"®)(z) restricted to W

—mgl — 2Lk — ) 0 0 METR + 1)
0 —mgl =22 (g — 1) A+ D) 0
0 —MEL £ + 0
B+ 0 0 +

whose eigenvalues are
0r=A+/—41(1+k)2B+ A2,

with
A= (1+k)?—mgll(1+k)*+ LA2(I(1 +2k) — I;(1+k))
B = \2(Isk + I — I}) — mgl(1 + k)>.

It is clear that d?(h — J"®))(z) is positive definite iff B > 0, that is

(1+#k)?
Lk+1L—1,"

Miguel Rodriguez-Olmos (EPFL) Stability of Simple Mechanical Systems
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Using the method adapted to SMS

0ot=0=9g"=0=X=S.

@ Augmented potential (trivial correction term):

)\2
2(1+ k)2 [

ng_ (/\) = mgl\es - e3 — e3 - Epnes + 2klzes - Ne3 + k2/3] .
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Using the method adapted to SMS

0ot=0=9g"=0=X=S.

e Augmented potential (trivial correction term):
)2

2R

° (d%V& +corr§¢)‘z: (% —mgl) ( (1) (1) )

@ Stability condition:

VEJ_ (/\) = mgl\es - e3 — e3 - Epnes + 2klzes - Ne3 + k2/3] .

2
2 (1+k) mg/‘
ks + 1 — K

(same one)
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