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1. Nonholonomic Systems

e (): configuration space;
A C T'(Q): nonholonomic constraint;
L :T@ — R a Lagrangian.

e Equations of motion: Lagrange-d’Alembert’s

principle; an equivalent form of this principle:

t1
5/ (pg — E(q,v,p))dt =0,
to

with £ : TQ & T*(Q) — R,

E(q,v,p) = pv — L(q,v).

e Resulting equations:
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PROBLEM: Show that (1) — (4), can be written
as a Dirac equation

(x,2) ® alx) € D(x),

with D CTM & T*M a given Dirac structure on
some manifold M.

In order to unify the treatment of circuits and
nonholonomic sytems we are going to consider a
Dirac structure on M =T'C) &1 (). This makes a
difference with some usual previous treatment by
Yoshimura and Marsden [2006a], and it is more

convenient. We consider a Dirac structure
Dax CTM & T*M, with local expression,

Da(q,v,p) = {(q,,p,¢,:0,p, 0,7, B) | ¢ € Alq),

a+pe A°(q), B=4q,y=0}

It is straightforward to check that the condition
(x,%) ® dE(x) € DAa, (5)

where x = (q,v,p), is equivalent to
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As we have written the equations as Dirac
equations of motion, we can apply the Constraint
Algorithm called CA algorithm.

The following formulas are easy to prove:
EDA — {(Cvap)q.v@ap) ‘ q S A}a
E%A — {(QavvpaoQ’yaﬁ) ‘ Y = 076 S A}?

EP2(q,v,p) = {(¢,v.0.4,0,5) | § = 0,p € A°).

Then we have

My ={(g,0.p) | (d€(q,v.p), ES2 (g, 0.p) ) =0}

OL
_{(Q7U7p>' _%_07U€A}'

We can continue applying the algorithm as it was
previously explained in general, so we shall obtain
formulas for Ms,....But we prefer to carry out this
program in detail for the L-C circuits.



2. L-C Circuits

The description given in Yoshimura and Marsden
2006a):

e [/ is a vector space: the charge space;
e T'E: the current space;
o V =T*"FE": the flur linkage space;

e A CTFE : constant distribution that
represents the Kirchoff’s Current Law (KCL);

o A° C T*FE : represents the Kirchoff’s Voltage
Law (KVL).

There is a Dirac structure on the cotangent
bundle T*E, Do CTV &1V .

DA — {(Q7P7Q7p) D (Q7p7 qu,Oép) SR D T*V ’
g €A, a@pZQa qu‘i—pE AO}»

which does not depend on (¢, p) : Da is a
constant Dirac structure; for each point (¢, p) :

~

DA(Q7p> — (Q7p7 D)a

where

~

D={(¢pao,pB)cVaV | jecA =4 a+pec A}



Dynamics:

L:TE — R : a Lagrangian given by a quadratic
form on £ x E,

1 — I 1
L(q,v) = 5 ZL{U? ~ 5 Z 5%2
i=1 i=1 "

The time evolution of the system is given by the
equation

(qapa Q7p) D (Q7p7©L(Q7U>) < DA(Q?]j))

with (q,p) = FL(q,v) and (q,v) € A, where ®L
represents the Dirac differential of L.

Applying the CA Algorithm for L-C circuits:

We deal with L-C circuits exactly as we did with
nonholonomic systems, by taking () = F,
M =TE ®T*E, and Da and &€ as in the

previous example, i.e.

Dna(q,v,p) = {(q,v,p,¢,0,p, 0,7, 8) | ¢ € Aq),
a+peA(qg), =4, v=0},
and £:TQDT*Q — R, E(q,v,p) = pv — L(q,v).



We define o : £ — E* and v : E — E* by

oL
§0</0> — %7
oL

which are linear maps given by,

QD(?}) = (L1U1, cory ann)
and

P(q) = = (@1/C1s54n/Cn) -

The evolution equations for a general

nonholonomic system become in the case of L.-C

circuits:
p+q/C e A°
g="uv
p=Lv

ieA



CA algorithm:

We calculate the first constraint submanifold,
taking into account the general expressions stated

before:

M, = {(q,’v,p) cM ( <d5,E§§> _ 0}
={(q,v,p) | p= v, v € A}.

We continue applying the algorithm. Let

Wl — TMl M EDA — {(Q7/U7p7q.7@7p) | (Q7U7p) S M17
Gge A p=v, ve A}

We are going to calculate VV1D A = (WP)°.

Wy = {(g,v,p, .7, B) | (q,v,p) € M,
a€p(A)+A°,v=0,0€ A}

WP = {(q,0,p,4,9,p) | (¢,v,p) € My,
g€ (p(A)+A%)° pe A}
Then,
My = {(C],U,p) € My ‘ <d87W1DA> — O}
= {(q,v,p) | g € ¥ (p(A) + A°), p= pv, v € A}.



In the same way we can calculate M3,

Wy =1TMs, mEDA — {(Q7vap7q.7@7p) | (Q7vap) S M27
G€D, G (p(A)+A%), p=pb, 0 €Al

W3 = {(¢,v,p,a,7.B8) | (¢,v,p) € Ma, a € p(A) + A°,
v=0,3e ANy~ (p(A) + A°)},

Wy’ = {(¢,v,p,4,9,p) | (¢:0,p) € Ma, ¢ € (p(A) + A°)°,
pEANYTH(p(A) +A%))°}.

Then,

Ms

{(q,v,p) c M, | <d5,W2DA> — 0}

{(q,v,p) | g € v (p(A) + A°), p = v,
ve ANY T p(A) + A°%)}.



We can recursively define M. For all kK > 1 define,

Ap=ANY (p(Ak-1) + A%),

where Ay = A by definition.
We have the following expressions for the

constraint submanifolds M.

My = {(q,v,p) | p=p(v),v € A}

Mak—1 = {(q,v,p) | ¢ € v " (p(Ak_2) + A°),
P = QO(U)7 (U Ak—l}? k > 2

May, = {(g,v,p) | ¢ € ¥ (p(Ag—1) + A°),
p=p),ve€ A1}, k> 1.
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A Concrete Example. We shall illustrate our
method with a 4 -port L-C circuit studied by
Yoshimura and Marsden, with configuration space
E =R*.

B pL
O '()Z)()\ — ® 1 1
L v
pCQ pCl ng
_ Oy c, Cy
T/UCQ UClL /UCBl
v @
Notation:

e ¢=(qr,9c,,9C,; C]cg) c I : charge space,

e v=(vp,vc,,V0,,Vc,) € TyF : current space,

® p=(pr,Pcy,PCs,Pe;) € TG E
flux linkage space.

The Lagrangian of the L-C circuit is L : T — R,
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The KCL constraints A C T'E for the current v

are,

—vrp +ve, = 0

—Vco, T Vo, —Voy = 0

The constraint KCL space is, for each q € F,

Al(q) ={veT,E | (wv)=0,a=1,2},

where

-1 0 1 O
o -1 1 -1
The constraint KVL space is the annihilator A°

of A, defined, for each q € F,

A°(q) ={p €T, E | (p,v) =0, for all v € A(q)}.

12



We remember that the Dirac structure
DA CTM®T*M on M =TFE @ T*E associated

to the space A(q) is, for each (q,v,p) € M, given
by

Dna(q,v,p) ={(q,v,p,¢,0,D,a,7,8) € TM &T"M |
¢ € Alg), a+peA°(q), B=¢q,v=0},

the corresponding energy function £ : M — R, is
given by £(q,v,p) = pv — L(q,v), we can easily
verify that the Dirac equations

(¢,v,p,q,0,p) B dE € Da(q,v,p),

are equivalent to the Implicit Differential

Equations, given in coordinates by

Jr. = VL, 4c, = VCy, 4Cy = VCys 4Cs = VCy

: qc, : qc, :
=0
PL + C + pc, + C, + P,
. qc, . qc;, .
+ =2 4+ pe, =0

pr = Lvr, pe, = pc, = pc, =0

VL = VC,y, VCy — VCy — VUCy

13
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The CA algorithm for this example:

The expressions for p(v) = 22 and (q) = g—é’ are

in this case,

|
S
|
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with {éo, €1, €2, 53} and (
and E™, respectively.
We get,

Ml — {(qL7QC17QC27QC37/UL7,U017,UC727UCgapImpCl)pCQ)ng) |
pL — L’U[,? pCl :pCQ :pC3 — 07

VL — VCy,, VCy — VCy — 003}'

My ={(qr, 90,90y, A0 s VL, VO, VO, VO s PLs PCy s PCy s PC3 ) |

pPL = LUL7 pPc, = Pcy = PC3 — 07

¢, _ 4Cs }.
C1 Cs”’

v, = v027 UC’l — UCQ T /0037
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and

M3 — {(QLaqclaQC'27qc:),avlmvCl)UCQangapLap017p027p03) |

pr = Ly, , pc, = pc, = pcs = 0,

V1 = Ve Ve = Ve — v qc, _ 4cs ’Ucl_vcg}
e e TN G Ty T G

Finally, we conclude that M3 = M, and the
algorithm stops. We can parametrize M3, which
has dimension 4, and we obtain an ODE

equivalent to equations of motion:

. _PL
qr, = T
. _ b

qc, dc,

T G
The solutions should be tangent to
W3 =TMzN Ep,, that is

pr. = Lvr, pc, = pc, = pc, =0, v, = v¢,,
dc,  qdc; Vo, Vo,

Vo, = Vo, — V¢ — )
! ’ 7Oy Cs’ 4 Cs



The CAD algorithm for this example:

Applying the CA algorithm the final constraint
submanifold is M3 = M,. We have proven that
W3 =TM3zNEp, is given by

pr = Lop, po, = po, = pc, =0, U = V¢,
qc,  qdcs Ve, | Vo,

Vo, = Vo, — V¢ — — )
' ’ > Ch Cs’' C Cs

For a given z¢ € Ms,

ro =(qL0, 9c105 40505 4C505 VL0,
VC10,UVC50, UCgOvpL()apcloapCQOang»,O)a
the elements of the symplectic leaf xy + Wg are
characterized by the conditions defining M3 plus
the condition obtained by integrating with
respect to time the conditions
—vr, + v, =0

_’UCl _|_ UOQ _ UCg :O7

applied to

(qL — dqro,q9c, — 49c,0,49Cy — 4C20,4C5 — C]C30), that
1S

—(qr. — qro) + (gcy, — qcn0) =
—(qcy, — qcy0) + (goy, — qes0) — (905 — Qos0) =

16
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For simplicity, we will assume on that the

conditions
qro — qco = 0
gdc,0 — q9c,0 T q9cs0 = 0,

are satisfied.

We can conclude that xg + Wg has dimension 2
and the projection 7 (zo 4+ W3) C T*E is the
subspace of 1™ FE defined by:

qgc, = 4o, = qcs =0

pc, = pc, = pcs =0.

We can use the variables (qr,pr) to parametrize
7(xo + W), namely,



VL = 7 Per = 0, Pe, =0, pe; =0,
Vo, = 227
L

01
ve, = Cy + Cs Zp[n

01
VCy — Cy + Cs ZpLa

B C3 1
VCy = Cl n 03 sza
qcs Cl ‘I'CBqL
Qci — Cl ‘|'03 qr
dc, — 4L

vy :O, Vo, :O, Ve, :0, VCq = 0.

18
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We can calculate the matrix
Z@'j — {déi,dEj} == {Ei,éj}

-LO 0 O
0-1 00 0 O
1 1T.00 0 O
0-1 00 0 O

-1 0

0
0
0
0
0
0
0

0

0 0

0

0

0

0

0
1

-1
-1

00 00 0 O

00 10

00 01

0

0

0

0
0

0
0

0
-1

0
1 0

0 1

00 00 0 O

0
0
0

0
0
0
0

0

-1
-1

00 00 0 O

1

00 00 0 O
00 00 0 O

0

0
0

1
Ch

0 -1

0

00 00 0 O

0

00 00 0 O

0

0 -1

0




with inverse >*/,. Since ¢ = 3 we have

%3) — ij{ga Ej}> 7 =1,...,14, where the column

vector [{€,¢;}] is

[{57 Ej}] = |0,

e
C,’ Cy’ (s

qc, B qcCs,

,0,0,0,0,0,0,0,0,0,0

e, are chosen such that the equations €; = 0,
7 =1,...,14, define z(¢ + Wg. In fact, we have

chosen

€7

€8

€9
€10
€11
€12
€13

€14

= pr — Lvg
= PC,

= PcCs

= DPcCs

= VL — VUCy

= VC, — VC, T UCs

— qu . QCg
C1 C's

_ vc, UGy
¢ C3

— 4L — 4cC,

20
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The Hamiltonian vector field representing the
evolution in zg + Wgz

Xg = dEF + Mg X,

For instance, we will calculate p;, and vy :

pr = Xz(pL)
= (d€)*(pr) + A”Zg)Xej (pr)
= {pr,E} + A‘Zg){pL, €}

_ _QC1 o qc,
C Co

o = Xg(vr)
= (d€)*(vr) + X5 X, (vr)
= {vr, &} + Mg {vr, ¢}
=0+ A3

1 (~dc1 _ 90

C; Oy

21



The complete coordinate expression of Xz:

qr,
qcy
qc,
qCs

Ur,

Ve,

(Vo

Ve,

PL
pPcy
pes,
e
Ul
Ve,
Ve,

Ve,

vr
Ucl
’UC2
UC3
1
L
C1 l( qc4 o ep)
C1+C3 L 4 Cs
l(_qcl o qCQ)
L Ch Co
03 l( qc4 o qdcC,
C1+Cs3 L 4 Cs
_9c, _ 4cy
(@] Csy ?
0
0
0
0
0
0
0
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Equations of motion in the symplectic manifold
To + Wg.

Xag\ws, = (wp|Waz)? (dE|Was) .

We are going to use the previous parametrization
of z¢ + W5 with coordinates qr1,, Pr,, where the
symplectic form is given by dq;, A dpy,.

The Lagrangian is given

In terms of the parametrization, the energy
function £ = prvr, — L(gq, v) restricted to xzg + Wi
1S

1p2 1 1 1

(5\370 + Wc) (qr,prL) = §f+§Q% (

Ch + Cs +C2

Then the vector field X dE| o+ 1V, 18 glven In
coordinates qr,, pr, by

OH pPL

"= L

- —_a_H—_ ( 1 _'_i>
bL= aC]L_ i Ci1+Cs5 (Cq
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Final Remark: the previous equations can
easily be deduced by elementary rules of circuit
theory. For instance, one can first replace the
capacitors C'; and ('3 by a single capacitor with
capacity (1 + (3. Then one obtains the simplest
L-C circuit with inductance L and a capacitor
which is the series C' of (5 and (' + Cf,

o Co(Cr + Cs)
CQ+01_|_037

which is very easy to solve, and we obtain a

solution which is equivalent to

: OH pPL

QL:@ZT

. OH 1 1
pL:_@:_QL<01+03+@>

But, the theory developed in this work reveals a
certain Hamiltonian structure behind a given L-C

circuit.
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3. Further Generalizations

Some basic facts concerning general Implicit
Differential Equations (IDE) and Constraint
Algorithms.

o(x,z) =0
Basic questions not completely answered yet:

existence, uniqueness or extension of solutions.

Partial results in this direction have been
established: CeFEt2006 and references therein.

One of the common features of those results: how
to transform certain types of IDE into an
equivalent ODE depending on parameters on a
certain final constraint manifold?

This is achieved by the reduction or constraint or
Gotay-Nester algorithm, depending on the
context and author, but there is a natural
common idea to all of them. For instance, we can
see the following references to see how the
algorithm works in different contexts:



26

e CeEt, Desingularization of implicit analytic
differential equations, J. Phys. A 39,
10975-11001, 2006.

e Gotay, Hinds, and Nester, Presymplectic
manifolds and the Dirac-Bergman theory of
constraints, J. Math. Phys. 19, 2388-2399,
1978.

e Pritchard, F., On implicit systems of
differential equations, J. Diff. Equations 194,
328—-363, 2003.

e Rabier, P. and Rheinboldt, W. , A geometric
treatment of implicit differential-algebraic

equations, J. Differential Equations 109,
110-146, 1994.

From the geometric point of view the basic idea of
this algorithm is very simple and natural and is
already contained in the Dirac theory of

constraints.



