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Lie affgebroids

• Notation

τA : A → Q affine bundle with associated vector bundle
τV : V → Q

τA+ : A+ = Aff (A,R) → Q the affine dual bundle

1A ∈ Γ(A+), 1A(x)(ax) = 1, for ax ∈ Ax , with x ∈ Q

τÃ : Ã = (A+)∗ → Q the bidual bundle

iA : A → Ã, iA(a)(ϕ) = ϕ(a), the inclusion with associated

linear map iV : V → Ã
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Lie affgebroids

Definition
Lie affgebroid structure on A:

[[·, ·]]V : Γ(V )× Γ(V ) → Γ(V ) Lie bracket
D : Γ(A)× Γ(V ) → Γ(V ) R-linear action
ρA : A → TQ affine map, the anchor map

such that
DX [[Ȳ , Z̄ ]]V = [[DX Ȳ , Z̄ ]]V + [[Ȳ ,DX Z̄ ]]V

DX+Ȳ Z̄ = DX Z̄ + [[Ȳ , Z̄ ]]V

DX (f Ȳ ) = fDX Ȳ + ρA(X )(f )Ȳ

for X ∈ Γ(A), Ȳ , Z̄ ∈ Γ(V ), f ∈ C∞(Q)
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Lie affgebroids

Definition
Lie algebroid structure on a vector bundle τE : E → Q:

[[·, ·]]E : Γ(E)× Γ(E) → Γ(E) Lie bracket
ρE : E → TQ bundle map, the anchor map

such that
[[X , fY ]]E = f [[X ,Y ]]E + ρE(X )(f )Y

for X ,Y ∈ Γ(E), f ∈ C∞(Q)

Example (The tangent bundle of a manifold)
πQ : E = TQ → Q

[[·, ·]]E = [·, ·]
ρE = Id
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Lie affgebroids

I Lie algebroid (E , [[·, ·]]E , ρE) is Lie affgebroid with D = [[·, ·]]E

DX [[Ȳ , Z̄ ]]V = [[DX Ȳ , Z̄ ]]V + [[Ȳ ,DX Z̄ ]]V

DX+Ȳ Z̄ = DX Z̄ + [[Ȳ , Z̄ ]]V

DX (f Ȳ ) = fDX Ȳ + ρA(X )(f )Ȳ
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Lie affgebroids

• (E , [[·, ·]]E , ρE) Lie algebroid

the differential of E dE : Γ(∧kE∗) −→ Γ(∧k+1E∗)

(dEµ)(X0, . . . ,Xk ) =
k∑

i=0

(−1)iρE(Xi)(µ(X0, . . . , X̂i , . . . ,Xk ))

+
∑
i<j

(−1)i+jµ([[Xi ,Xj ]]E ,X0, . . . , X̂i , . . . , X̂j , . . . ,Xk )

µ ∈ Γ(∧k E∗), X0, . . . ,Xk ∈ Γ(E)

• ξ ∈ Γ(E∗) is a 1-cocyle iff dEξ = 0
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Lie affgebroids

I (A, [[·, ·]]V ,D, ρA) Lie affgebroid ⇒ (V , [[·, ·]]V , ρV ) Lie algebroid

I (A, [[·, ·]]V ,D, ρA) Lie affgebroid

⇓
(Ã, [[·, ·]]Ã, ρÃ) Lie algebroid + 1A ∈ Γ(A+) 1-cocycle

Conversely, (U, [[·, ·]]U , ρU) Lie algebroid and φ : U → R
1-cocycle, φ|Ux 6= 0

⇓

A = φ−1{1} Lie affgebroid with (Ã, [[·, ·]]Ã, ρÃ) ≈ (U, [[·, ·]]U , ρU),
1A ≈ φ and V = φ−1{0}
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Lie affgebroids

Example (The 1-jet bundle of a fibration)
τ : Q → R fibration
τ1,0 : J1τ → Q affine bundle modelled on π = (πQ)|Vτ : V τ → Q

η = τ∗(dt), t usual coordinate on R

⇓
J1τ ∼= {v ∈ TQ | η(v) = 1} V τ = {v ∈ TQ | η(v) = 0}

π∗Q : (J1τ)+ = T ∗Q → Q
⇓

πQ : J̃1τ ∼= TQ → Q with the standard Lie algebroid structure

1J1τ = η
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The Lagrangian formalism on Lie affgebroids

(τA : A → Q, τV : V → Q, ([[·, ·]]V ,D, ρA)) Lie affgebroid

(Ã, [[·, ·]]Ã, ρÃ) Lie algebroid over Q

• (x i) local coordinates on Q
{e0,eα} local basis of Γ(Ã) adapted to 1A (1A(e0)=1, 1A(eα)=0)

[[e0,eα]]Ã = Cγ
0αeγ [[eα,eβ]]Ã = Cγ

αβeγ

ρÃ(e0) = ρi
0
∂

∂x i ρÃ(eα) = ρi
α

∂

∂x i

⇓
(x i , y0, yα) local coordinates on Ã
(x i , yα) local coordinates on A (y0 = 1)
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The Lagrangian formalism on Lie affgebroids

• τA : A → Q fibration
⇓

T Ãa A = {(ã,Xa) ∈ Ã × TaA | ρÃ(ã) = (TaτA)(Xa)}

τ τA
Ã

: T ÃA → A, τ τA
Ã

(ã,Xa) = πA(Xa) = a

(T ÃA, [[·, ·]]τA
Ã
, ρτA
Ã

) Lie algebroid over A called the prolongation

of Ã over τA or the Ã-tangent bundle to A

{X0,Xα,Vα} local basis of sections of T ÃA:

X0(a) =
(

e0(τA(a)), ρi
0
∂

∂x i |a

)
Xα(a) =

(
eα(τA(a)), ρi

α

∂

∂x i |a

)
Vα(a) =

(
0,

∂

∂yα
|a

)
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The Lagrangian formalism on Lie affgebroids

[[X0,Xα]]τA
Ã

= Cγ
0αXγ [[Xα,Xβ]]τA

Ã
= Cγ

αβXγ

[[X0,Vα]]τA
Ã

= [[Xα,Vβ]]τA
Ã

= [[Vα,Vβ]]τA
Ã

= 0

ρτA
Ã

(X0) = ρi
0
∂

∂x i ρτA
Ã

(Xα) = ρi
α

∂

∂x i

ρτA
Ã

(Vα) =
∂

∂yα
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The Lagrangian formalism on Lie affgebroids

• φ0 : T ÃA → R ⇒ φ0 ∈ Γ((T ÃA)∗)

φ0(ã,Xa) = 1A(ã) φ0 = X 0

1A is a 1-cocycle ⇒ φ0 is a 1-cocycle

• the vertical endomorphism S : A → T ÃA⊗ (T ÃA)∗

S = (Xα − yαX 0)⊗ Vα

• ξ ∈ Γ(T ÃA) is a second order differential equation (SODE) on
A if

φ0(ξ) = 1 and S ξ = 0
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The Lagrangian formalism on Lie affgebroids

I L : A → R Lagrangian function

• the Poincaré-Cartan 1-section and 2-section

ΘL = Lφ0 + (dT
ÃAL) ◦ S ∈ Γ((T ÃA)∗)

ΩL = −dT
ÃAΘL ∈ Γ(∧2(T ÃA)∗)

• γ : I ⊆ R → A is a solution of the Euler-Lagrange equations iff

i) γ is admissible (i.e. (iA(γ(t)), γ̇(t)) ∈ T Ãγ(t)A, ∀t)

ii) i(iA(γ(t)),γ̇(t))ΩL(γ(t)) = 0

or locally iff γ(t) = (x i(t), yα(t)) and

dx i

dt
= ρi

0 + ρi
αyα d

dt

( ∂L
∂yα

)
= ρi

α

∂L
∂x i + (Cγ

0α + Cγ
βαyβ)

∂L
∂yγ
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The Lagrangian formalism on Lie affgebroids

Example (The 1-jet bundle of a fibration)

Particular case: A = J1τ τ : Q → R
⇓

α = i yα = ẋ i

ρi
0 = 0 ρi

j = δi
j Cγ

0α = Cγ
αβ = 0

Classical non-autonomous Euler-Lagrange equations

dx i

dt
= ẋ i d

dt

( ∂L
∂ẋ i

)
=

∂L
∂x i
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The Lagrangian formalism on Lie affgebroids

• L is regular iff the matrix (Wαβ) =
( ∂2L
∂yα∂yβ

)
is regular or,

equivalently, (ΩL, φ0) is a cosymplectic structure on T ÃA, i.e.,

{φ0 ∧ ΩL ∧ . . .(n · · · ∧ ΩL}(a) 6= 0, for all a ∈ A
dT ÃAφ0 = 0 dT ÃAΩL = 0

B If L is regular
⇓

the Reeb section of (ΩL, φ0), RL, is the unique Lagrangian
SODE associated with L:

iRLΩL = 0 and iRLφ0 = 1
⇓

the integral curves of the vector field ρτA
Ã

(RL) are the solutions
of the Euler-Lagrange equations associated with L
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Vakonomic Mechanics on Lie affgebroids

τA : A → Q Lie affgebroid of rank n, dim Q = m
L : A → R Lagrangian function on A
M ⊂ A embedded submanifold, the constraint submanifold
τM = τA|M : M→ Q surjective submersion
dim M = n + m − m̄

A+ ⊕A

A+

�
�

�	

@
@

@R

A

pr1 pr2
�

�
�	

@
@

@R

W0 = pr−1
2 (M) = A+ ×Q M

A+ M

π1 π2

π1 = (pr1)|W0 π2 = (pr2)|W0

ν : W0 = A+ ×Q M→ Q the canonical projection
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Vakonomic Mechanics on Lie affgebroids

(T π1, π1) Lie algebroid morphism

T π1 = (Id ,Tπ1) W0
π1 -A+

? ?

T ÃW0
T π1 - T ÃA+

Ω = (T π1, π1)
∗ΩÃ is a presymplectic section on T ÃW0

ΩÃ being the canonical symplectic section on T ÃA+

η : T ÃW0 → R ⇒ η ∈ Γ((T ÃW0)
∗)

η(ã,X ) = 1A(ã)

1A is a 1-cocycle ⇒ η is a 1-cocycle

• The Pontryagin Hamiltonian H0 : W0 = A+ ×Q M→ R

H0(ϕ,a) = ϕ(a)− L̃(a), L̃ = L|M
⇓
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Vakonomic Mechanics on Lie affgebroids

⇓
Ω0 = Ω + dT

ÃW0H0 ∧ η is a presymplectic section on T ÃW0

⇓

(T ÃW0,Ω0, η) is a precosymplectic system

(i.e., dT ÃW0Ω0 = 0 and dT ÃW0η = 0)

Definition
The vakonomic problem on Lie affgebroids is find the solutions
for the equations

iX Ω0 = 0 and iXη = 1, X ∈ Γ(T ÃW0)
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Vakonomic Mechanics on Lie affgebroids

• (x i) local coordinates on Q
{e0,eα} local basis of sections of Ã adapted to 1A
(x i , y0, yα) local coordinates on Ã

M ≡ {(x i , yα) | yB = ΨB(x i , yb), B = 1, . . . , m̄}
yα = (yB, yb) 1 ≤ α ≤ n, 1 ≤ B ≤ m̄, m̄ + 1 ≤ b ≤ n

⇓
(x i , yb) are local coordinates on M

(x i , y0, yα, yb) local coordinates for W0 = A+ ×Q M

{Y0,Yα,P0,Pα,Vb} a local basis of sections of T ÃW0:

Y0(ϕ, a) =
(

e0(x), ρi
0
∂

∂x i |ϕ
,0

)
, Yα(ϕ, a) =

(
eα(x), ρi

α

∂

∂x i |ϕ
,0

)
P0(ϕ, a) =

(
0,

∂

∂y0 |ϕ
,0

)
, Pα(ϕ, a) =

(
0,

∂

∂yα |ϕ
,0

)
Vb(ϕ, a) =

(
0,0,

∂

∂yb
|a

)
, where (ϕ, a) ∈ W0 and ν(ϕ, a) = x
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Vakonomic Mechanics on Lie affgebroids

B The above equations only have sense in the points of the
submanifold W1 of W0 satisfying the equations

yb =
∂L̃
∂yb − yB

∂ΨB

∂yb , m̄ + 1 ≤ b ≤ n

A solution of the vakonomic problem is of the form

X(Υ0,Υb) = Y0 + ΨBYB + ybYb + Υ0P0 +
[
ρi

α

( ∂L̃
∂x i − yD

∂ΨD

∂x i

)
+ yγ(Cγ

0α + ψDCγ
Dα + ydCγ

dα)
]
Pα + ΥbVb

Therefore, the vakonomic equations are


ẋ i = ρi

0 + ΨBρi
B + ybρi

b

ẏB =
( ∂L̃
∂x i − yD

∂ΨD

∂x i

)
ρi

B − yγ(Cγ
B0 + ΨDCγ

BD + ybCγ
Bb)

d
dt

( ∂L̃
∂yb−yB

∂ΨB

∂yb

)
=

( ∂L̃
∂x i −yB

∂ΨB

∂x i

)
ρi

b−yγ(Cγ
b0+ΨDCγ

bD+ydCγ
bd )
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Vakonomic Mechanics on Lie affgebroids

Example (The 1-jet bundle of a fibration)

Particular case: A = J1τ τ : Q → R
⇓

The vakonomic equations associated with a constrained
system (L,M) on J1τ are

ṗB =
∂L̃
∂qB − pD

∂ΨD

∂qB

d
dt

( ∂L̃
∂q̇b − pB

∂ΨB

∂q̇b

)
=

∂L̃
∂qb − pB

∂ΨB

∂qb

q̇B = ΨB(t ,qi , q̇b)
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Vakonomic Mechanics on Lie affgebroids

B We discuss the regularity of the vakonomic system (L,M)

Denote H1 = (H0)|W1 : W1 → R

W ′
1 = {w ∈ W1 |H1(w) = 0}

ν ′1 : W ′
1 → Q the restriction of ν : W0 → Q to W ′

1

τ
ν′1
Ã

: T ÃW ′
1 → W ′

1 the prolongation of Ã over ν ′1
Ω′1 (resp., η′1) the restriction of Ω0 (resp., η) to T ÃW ′

1

Theorem

If (Ω′1, η
′
1) is a cosymplectic structure on T ÃW ′

1, then there
exists a unique section ζ1 ∈ Γ(T ÃW ′

1) whose integral curves
are solutions of the vakonomic equations. In fact, ζ1 is the Reeb
section of the cosymplectic structure (Ω′1, η

′
1), that is,

iζ1Ω
′
1 = 0 and iζ1η

′
1 = 1
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Vakonomic Mechanics on Lie affgebroids

Definition
The vakonomic system (L,M) on the Lie affgebroid A is said to
be regular if the pair (Ω′1, η

′
1) is a cosymplectic structure on the

Lie algebroid T ÃW ′
1 → W ′

1.

Proposition

(Ω′1, η
′
1) is a cosymplectic structure on T ÃW ′

1 iff for all system
of coordinates (x i , y0, yα, yb) on W0 we have that

det
( ∂2L̃
∂yb∂yc − yB

∂2ΨB

∂yb∂yc

)
6= 0, for all point in W ′

1
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Vakonomic Mechanics on Lie affgebroids

The vakonomic bracket associated with a regular
vakonomic system on a Lie affgebroid

Optimal control systems on a Lie affgebroid as a
vakonomic systems on a Lie affgebroid
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Vakonomic Mechanics on Lie affgebroids

Example: An homogeneous rolling ball without sliding on a
rotating table with time-dependent angular velocity

τÃ = πR3 ◦pr1 : Ã = TR3 × R3 → Q = R3

τÃ(t , x , y ; ṫ , ẋ , ẏ , ωx , ωy , ωz) = (t , x , y)

Lie algebroid
{e0 = ∂

∂t ,e1 = ∂
∂x ,e2 = ∂

∂y ,

e3 = (1,0,0),e4 = (0,1,0),e5 = (0,0,1)}
local basis of sections of Ã = TR3 × R3

(t , x , y) standard coordinates on Q
(t , x , y ; ṫ , ẋ , ẏ , ωx , ωy , ωz) induced coordinates on Ã

φ : TR3 × R3 → R 1-cocycle, φ(t , x , y ; ṫ , ẋ , ẏ , ωx , ωy , ωz) = ṫ
⇓

τA : A = φ−1{1} ≡ R×TR2×R3 → R3 Atiyah-Lie affgebroid
modelled over τV : V = φ−1{0} ≡ R× TR2 × R3 → R3
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Vakonomic Mechanics on Lie affgebroids

The kinetic energy is K : A → R
K (t , x , y ; ẋ , ẏ , ωx , ωy , ωz) = 1

2(mẋ2 + mẏ2 + mk2(ω2
x + ω2

y + ω2
z ))

(ωx , ωy , ωz) ≡ components of the angular velocity of the ball
Constraints: ẋ − rωy = −Ω(t)y ẏ + rωx = Ω(t)x
which define an affine subbundle B of A
Assume full control over the motion of the center of the ball and
consider the cost function

L(t , x , y ; ẋ , ẏ , ωx , ωy , ωz) = 1
2

(
(ẋ)2 + (ẏ)2)

and the following optimal control problem: Given points
q0,q1∈Q, find an optimal control curve (t , x(t), y(t)) on the
reduced space that steer the system from q0 to q1, minimizes∫ 1

0
1
2

(
(ẋ)2 + (ẏ)2) dt, subject to the constraints defined above

joint with ωz = cte
A necessary condition for optimality of this problem is given for
the corresponding vakonomic equations.
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Vakonomic Mechanics on Lie affgebroids

Denote y1 = ẋ , y2 = ẏ , y3 = ωx , y4 = ωy , y5 = ωz

The vakonomic problem is given by the Lagrangian
L(t , x , y ; y1, y2, y3, y4, y5) = 1

2((y1)2 + (y2)2)

and the constraint submanifold M is defined by
y3 = Ψ3(t , x , y , y1, y2) = 1

r (−y2 + Ω(t)x)

y4 = Ψ4(t , x , y , y1, y2) = 1
r (y1 + Ω(t)y)

y5 = Ψ5(t , x , y , y1, y2) = c
Then, the vakonomic equations are

ẏ3 = − 1
r (y1 + Ω(t)y)y5 + cy4,

ẏ4 = − 1
r (y2 − Ω(t)x)y5 − cy3,

ẏ5 = 1
r (y1 + Ω(t)y)y3 − 1

r (−y2 + Ω(t)x)y4,
d
dt

(ry1 − y4) = −Ω(t)y3,

d
dt

(ry2 + y3) = −Ω(t)y4,

y1 = ẋ , y2 = ẏ
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