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© Vakonomic mechanics on Lie affgebroids
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Lie affgebroids

o Notation

74 : A — Q@ affine bundle with associated vector bundle
v:V—-Q

a4+ » AT = Aff(A,R) — Q the affine dual bundle
14eT(A"), 14(x)(ax) =1, for ax € Ay, with x € Q

71 A= (AM)* — Q the bidual bundle

in: A— A, ig(a)(p) = ¢(a), the inclusion with associated

linear map iy : V — A
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Lie affgebroids

Lie affgebroid structure on A:
[ Qv :T(V)xT(V)—T(V) Lie bracket
D:T(A) xT(V)—T(V) R-linear action
pa: A— TQ affine map, the anchor map
such that
Dx[Y,Z]v = [DxY,Z]v + [Y,DxZ]v
Dy.yZ =DxZ+[Y.Z]v
Dx(fY) = DxY + pa(X)(H)Y
for X eT(A), Y,Zel(V), fe C®Q)
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Lie affgebroids

Definition
Lie algebroid structure on a vector bundle 7¢ : E — Q:
[-,-]le :T(E) xT(E) — T(E) Lie bracket
pe - E — TQ bundle map, the anchor map
such that
[X. Y]e = fIX. Y1 + pe(X)(f)Y
for X,YeTl(E), feC®Q)

Example (The tangent bundle of a manifold)

FQZE: TQ—>Q
[['7']]E: [7]
pe = Id
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Lie affgebroids

» Lie algebroid (E, [, ], pe) is Lie affgebroid with D = [, -] g
Dx[Y,Z]v = [DxY,Z]v +[Y,DxZ]v
Dy.yZ = DxZ +[Y, 2]y
Dx(fY) = Dx Y + pa(X)(F)Y
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Lie affgebroids

e (E,[,"]&. pe) Lie algebroid

the differential of E df : T(AKE*) — [(AKHTEX)

k

()Xo Xe) = D (1) pe(X)(1(Xo, - Xis -, X))
i=0
S X Xie Xoy oy X Xy X
i<j

€ T(AKE*), Xo. ..., Xy € T(E)

e cT(E*)isa 1-cocyle iff dF¢ =0
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Lie affgebroids

» (A, [, ]v, D, pa) Lie affgebroid = (V. [-,-]v, pv) Lie algebroid

» (A, [-,]v, D, pa) Lie affgebroid
~ U
(A, [-,-] 1, p7) Lie algebroid + 14 € T(A*") 1-cocycle
Conversely, (U, [, Ju, pu) Lie algebroid and ¢ : U — R
1-cocycle, ¢y, # 0

4

A= ¢7"{1} Lie affgebroid with (A, [-, ] 1, p.4) = (U. [, v pu),
14~ ¢ and V = ¢~1{0}
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Lie affgebroids

Example (The 1-jet bundle of a fibration)

7 : Q — R fibration
1,0 : J'7 — Q affine bundle modelled on 7 = (wq)v, : VT — Q

n = 7*(dt), t usual coordinate on R

i3
Jr={veTQ|n(v)=1} Vr={veTQ|n(v)=0}
Th St =TQ—Q
i3

TQ: J'T = TQ — Q with the standard Lie algebroid structure

1J1T =1
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The Lagrangian formalism on Lie affgebroids

(A A— Q,7v: V — Q,([,-]v, D, pa)) Lie affgebroid
(A [ 1 4 p ;) Lie algebroid over Q

e (x') local coordinates on Q
{eo, e, } local basis of I'(,Z() adapted to 1.4 (1.4(e0)=1,1.4(e,)=0)

[[607 ea]]_A CgaeV IIea? eﬁ]]A aﬁe'Y

9 ,
p (o) :PBW pi(€a) ZPLW

_ Y .
(X’,yo,ya) local coordinates on A
(x', ) local coordinates on A (y° = 1)
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The Lagrangian formalism on Lie affgebroids

e 74 : A— Qfibration
Y
TLA = {(3.Xa) € Ax TaA|p4(8) = (Tara)(Xa)}
TATAA = A, 7TAE Xa) = ma(Xa) = @
(T Ay, [, ‘]]}“, p}(‘) Lie algebroid over A called the prolongation
of A over 4 or the A-tangent bundle to A

{ X0, Xa, Vo } local basis of sections of TAA:

1o(a) = (eo(ra(@). by )

Xo(a) = (ea(wa)),pgfx,a) va(a) = (0 aicx|a)
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The Lagrangian formalism on Lie affgebroids

[%0, Xa] 3 = Cg, X [Xo, Xl 5 = Copy

[%0, Vol = [Xa, Vol = [Va, Vel 5 = 0

T i 8 T j a
Pi (X)) =pogg  pR(Xa) = pag g
] )

Pj(‘(V ):Tya
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The Lagrangian formalism on Lie affgebroids

e g0 TAA R = g e T((TAA))
¢0('~av Xa) = 1A(é) ¢o = X0
14 is a 1-cocycle = ¢ is a 1-cocycle

e the vertical endomorphism S: A — T A (T “ZA)*
S=(Xx*—y*x% eV,
ol (T “ZA) is a second order differential equation (SODE) on
if
Al 0(€) =1 and SE=0
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The Lagrangian formalism on Lie affgebroids

» L: A — R Lagrangian function
e the Poincaré-Cartan 1-section and 2-section

eL_L%+4dTAQos€r«T&M)
= —d7T*e, e [(A2(TAA))

e~ : I/ CR — Ais a solution of the Euler-Lagrange equations iff
i) v is admissible (i.e. (ia(v(1)),A(t)) € 7(, A Vi)
i) i 4 (v(0)),5() 2L ((1)) = 0

or locally iff ~(t) = (x/(t), y*(t)) and

a ;. dgaLy oL oL
of ~ Lot Py E(W)‘”"WHC + Cha )dyW
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The Lagrangian formalism on Lie affgebroids

Example (The 1-jet bundle of a fibration)

Particular case: A=J'r 7:Q—R

4

a=1] Y= x

pp=0 pj=6 C,=Cly=0

Classical non-autonomous Euler-Lagrange equations

ax_ i gLy _ oL
a dt\oxi)  oxi
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The Lagrangian formalism on Lie affgebroids

9L )
dyoyP B
equivalently, (Q, ¢o) is a cosymplectic structure on 74 A4, i.e.,

{go AN AQ}a)#0, forall aeA
d7 4% =0 d77AQ, =0

e L is regular iff the matrix (W,z3) = < is regular or,

> If Lis regular

\’
the Reeb section of (2, ¢o), AL, is the unique Lagrangian
SODE associated with L:

iRLQL =0and iRL¢0 =1
4

the integral curves of the vector field p;{‘(RL) are the solutions
of the Euler-Lagrange equations associated with L
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Vakonomic Mechanics on Lie affgebroids

T4 : A — Q Lie affgebroid of rank n, dim Q=m

L: A — R Lagrangian function on A

M C A embedded submanifold, the constraint submanifold
™™ = Tam : M — Q surjective submersion
dmM=n+m-—m

Ato A Wo = pry '(M) = AT xq M
pr/ \[\)I’z 1/ \
AT A
71 = (Pry)|w, T = (sz)\wo

v: Wy = A" xqg M — Q the canonical projection
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Vakonomic Mechanics on Lie affgebroids

T“KW Ty TVZAJr
(Tm,m) Lie algebroid morphism l 0 i

Q = (7Tm,m)"*Q 5 is a presymplectic section on TA Wo

Q ; being the canonical symplectic section on TAA*

n:TAW, >R = e T(TAW)Y)
n(a X) =14(a)
14 is a 1-cocycle = n is a 1-cocycle
e The Pontryagin Hamiltonian Hp: Wp = AT xg M — R
HO(QDa a) = @(a) - Z(a)’ l = L|M
U
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Vakonomic Mechanics on Lie affgebroids

\’
Q=0+ d7" W Hy N mis a presymplectic section on TA Wy

4

(T A Wo, Qo,n) is a precosymplectic system
(ie., a7 MQq = 0 and a7 Yoy = 0)

Definition

The vakonomic problem on Lie affgebroids is find the solutions
for the equations

ixQ =0 and ixn=1, X € [(TAW,)
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Vakonomic Mechanics on Lie affgebroids

e (x') local coordinates on Q
{ep, e, } local basis of sections of A adapted to 1 4
(x',¥°, y*) local coordinates on A
M={(x",y*)|yB=wB(x,yP), B=1,...,m}
y*=(yB,yP)1<a<ni1<B<mm+1<b<n
I
(x', y?) are local coordinates on M
(X", Y0, Ya, yP) local coordinates for Wy = At xq M

{0, Va, PO, P, Vp} alocal basis of sections of TA Wo:

0 .0
y0(§07a) = (eO(X)7p6W‘@7O)1 ya(@va) = (ea(X)M)&Who’o)
0] 0
PO ) = 077 aO ) Pa ) = 077 70
(p.2) = ( 3. ) (.2) = ( e )
Vp(p,a) = (0,0, ;f’bl ) where (p,a) € Wy and v(p,a) = x
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Vakonomic Mechanics on Lie affgebroids

> The above equations only have sense in the points of the
submanifold W; of W, satisfying the equations

oL owe
yb:@T/b_yBTyb’ m+1<b<n
A solution of the vakonomic problem is of the form
X 5 b 0, oL owP
(To,r0) = Yo + VEYVp + y° Vb + ToP” + [ (8)(, }/DaX,-)

+12(C3, + WP Ch, + ¥ C,) | P+ TOV,

Therefore, the vakonomic equations are

X' = b+ W05+ y°p,
_ oL ovPy y
7o = (2~ 1o )oh ~ 1+(Cho + VP Clp + ¥ Ci)
g<8jf L“ﬁ),(ﬁ, oV
di \ayp Ve ayp) ~\axi Ve oxT
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Vakonomic Mechanics on Lie affgebroids

Example (The 1-jet bundle of a fibration)
Particular case: A=J'7 7:Q-R

4

The vakonomic equations associated with a constrained
system (L, M) on J'r are

. oL owb
pB:TqE’_pDTqE’
d(al_ awB) oL  ovB
dt\agp ~PBogh) T 9gb ~ PBogp

g° =Bt ")
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Vakonomic Mechanics on Lie affgebroids

> We discuss the regularity of the vakonomic system (L, M)
Denote H; = (H())|W1 Wy — R

W{:{WE W1‘H1(W):0} J

vy : Wi — Q the restriction of v : Wp — Qto W]
7 TAW] — W] the prolongation of A over /4 ~
Q, (resp., n}) the restriction of Qg (resp., ) to 7AW,

Theorem

If (2, n}) is a cosymplectic structure on TAW!, then there

exists a unique section ¢ € F(T*Z W{) whose integral curves
are solutions of the vakonomic equations. In fact, {; is the Reeb
section of the cosymplectic structure (Q},7}), that is,

I'§1Q/1 =0 and I.Q?]{I =1
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Vakonomic Mechanics on Lie affgebroids

Definition

The vakonomic system (L, M) on the Lie affgebroid A is said to
be regular if the pair (Q,7}) is a cosymplectic structure on the
Lie algebroid TAW! — W..

Proposition

(24, n}) is a cosymplectic structure on TA Wy iff for all system
of coordinates (x', yo, Ya, ¥°) on Wy we have that

&PL 9PwB
dyboye R4 dybaye

det( ) # 0, for all pointin W{
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Vakonomic Mechanics on Lie affgebroids

@ The vakonomic bracket associated with a regular
vakonomic system on a Lie affgebroid

@ Optimal control systems on a Lie affgebroid as a
vakonomic systems on a Lie affgebroid
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Vakonomic Mechanics on Lie affgebroids

@ Example: An homogeneous rolling ball without sliding on a
rotating table with time-dependent angular velocity

TZ = TRs °Pry cA=TR®xR® > Q=R?
T.,Z(tvxay; t7j(7y; Wx, WyaWZ) = (t7X7y)

Lie algebroid

0 0 _ 0
{6025761 :er2_,‘37y7

e3=(1,0,0),e4=(0,1,0),e5=(0,0,1)}

local basis of sections of A = TR® x R3
(t,x,y) standard coordinates on Q N
(t,x,y; t, X, ¥, wx, wy,wz) induced coordinates on A
¢: TR® x R® — R 1-cocycle, ¢(t,x,y;t,X,y,wx,wy,wz) =t
\
74 A=¢{1} = Rx TR®xR® — R® Atiyah-Lie affgebroid
modelled over 7y : V = ¢~ {0} =R x TR? x R® — R3
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Vakonomic Mechanics on Lie affgebroids

The kinetic energy is K : A — R
K(t, X,y X, ¥, wx,wy,wz) = %(m)'(2 + my? + mk?(w? + w}z, + w?))
(wx,wy,wz) = components of the angular velocity of the ball
Constraints: x —rwy, = =Q(t)y y + rwx = Q(t)x
which define an affine subbundle B of A
Assume full control over the motion of the center of the ball and
consider the cost function
L(t, X, y; X, ¥, wx, wy,wz) = 5 ((X)? + (¥)?)
and the following optimal control problem: Given points

Go, g1 € Q, find an optimal control curve (t, x(t), y(t)) on the

reduced space that steer the system from qqu to g1, minimizes
o 1 ()2 + (7)?) dt, subject to the constraints defined above

foint with w, = cte

A necessary condition for optimality of this problem is given for
the corresponding vakonomic equations.
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Vakonomic Mechanics on Lie affgebroids

Denote y'=x, y2=y, y¥3=wx, ¥ =wy, Y’ =w;
The vakonomic problem is given by the Lagrangian
L(t,x, vy y2, 3, 4, y9) = 32 + (v3)P)

and the constraint submanifold M is defined by

Y3 =3t x,y,y",y%) = H=y? + Q(t)x)

vt =Vt Xy, vt yR) = F + Q)

o=t x,y,y A =c
Then, the vakonomic equations are

V3= =1+ Q)y)ys + ey,
Vo = =12 = Q)x)ys — cys,
o= 1 +9( )Y)Ys — L(—y? + Q(t)X)ya,
g( ' -y = -ty
(f}’ +y3) = —Q(t)ys,
yh=x, 2=y
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