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1. INTRODUCTION: CONTROL
SYSTEMS DESCRIBED BY
IMPLICIT EQUATIONS

Implicit descriptor systems (systems described by implicit
differential equations) are often found both in physics and
engineering (differential-algebraic equations or DAE'S).

The problem of control and optimal control of systems described

by implicit equations has not been discussed thoroughly
(contrary to the explicit case).

We will provide a PMP for optimal control problems described
by implicit equations (Implicit optimal control) inspired by a
generalized contangent lifting of differential equations.

Singular implicit optimal problems can be considered withing the
same framework.

Kunkel-Merhman LQ '98, C. Petit '02, etc.



2. IMPLICIT OPTIMAL
CONTROL PROBLEMS

State space
m Control bundle

State, control

'x 1 LA = A aqyation

fH(zu) (1) = (x(0),u(t) ! Qor(C)
) i il

Objective, cost
functional
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DIFFERENTIAL-ALGEBRAIC
(IMPLICIT) EQUATIONS

e X " &" Implicit equation
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(x,V) €EE, E M !.(x,V) existence of solutions
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DIFFERENTIAL-ALGEBRAIC
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DIFFERENTIAL-ALGEBRAIC
(IMPLICIT) EQUATIONS

e X " &" Implicit equation

=L C)— Ran! C TX Integrable point:

(x,V) €EE, E M !.(x,V) existence of solutions

Pmme e 'l C (2 u? (Y Auxiliary bundle
e O (o ut, 3 =)

& < TF E-—-G ‘(0

E={(x,Xu) | G*(x,xyu)=0,! =1

oG’

max rankT(x, V) Integrability condition
CEZ




QUASILINEAR IMPLICIT
DIFFERENTIAL EQUATIONS

Quasilinear equations
WX S F poA=r71x  A:lTEX =

EaeUXt = f° (x,u), f:X > C. g5
G%(x, 2, u) = A% (x. w)zt I AeErm iy

max rankA(x, u)




QUASILINEAR IMPLICIT
DIFFERENTIAL EQUATIONS

Quasilinear equations
WX S F poA=r71x  A:lTEX =

EaeUXt = f° (x,u), f:X > C. g5
G%(x, 2, u) = A% (x. w)zt I AeErm iy

An important application max rankA(x, w)
e 0 R L(q.9) Singular Lagrangian systems

e I I(Te)" T (I'Q) Cartan 2-ferm
g | o F 1 (10)

4(l )=t g(l)=dE Implicit quasilinear equation
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MAXIMUM PRINCIPLE




3. PONTRIAGUINE'S
MAXIMUM PRINCIPLE

Theorem. PontryaguineOs maximum principle. If £¢t), ©(t)) Is a normal so-
lution of the optimal control problem debPned by the explicit equation 1= f(x, u)

and the objective functional S = 'OT L(x,u)dt, then there exists an absolutel
continuous curve (&) € T' X that satisbes (a.e.) HamiltonOs equations:

11 HL Il:li = S 11 HL

n V) 7 "
! i 7

=

Y

where H (z,! ,u) = ! f'(x,u) — L(z,u) is PontryaguineOs Hamiltonian and i
addition:

H (fb‘,'—,”a“) = mag( H (jf,r,u)
u #




TWO IDEAS ON THE PROOF
OF PMP

Geometric PMP

Theorem. Geometric maximum principle. Given © = f(x,u), and (Z,u)
a solution with initial data £(0) = xq, then Z(T") € 0A,,(T) if there exists a
cotangent lifting (Z, \) € T" X such that:

. 8H,

i  9H,
B
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with Ho(z, A, u) = X\ f*(z, ) and Ho(F, A, @) = maxy ¢ Ho(&, A, u).




TWO IDEAS ON THE PROOF
OF PMP

Geometric PMP

Theorem. Geometric maximum principle. Given © = f(x,u), and (Z,u)
a solution with initial data £(0) = xq, then Z(T") € 0A,,(T) if there exists a
cotangent lifting (Z, \) € T" X such that:

~

with Ho(z, A, u) = X\ f*(z, ) and Ho(F, A, @) = maxy ¢ Ho(&, A, u).
it admissible, x,(1), zy()=T1(z(t),ult)
), W)= (@) o! o(u), |

Ao = {x,(T) | u(t) admissible, x,(0)




TWO IDEAS ON THE PROOF
OF GEOMETRIC PMP

Tangent perturbation cone (£,%) Kr CT;. X

A € T;T X
Support covector

COtangent |Iftlng %@? b FC($7 ?I(t)) i 907?

Hamiltonian vector Peld ire! x = dHo Ho(z,",u)= "i f (5

M. Barbero-Li—fn, M.C. Mu—oz-Lecanda. Geometric approach to
Pontryagin’s maximum principle '08.




4. GENERALIZED COTANGENT LIFTING
OF QUASILINEAR IMPLICIT EQUATIONS
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4. GENERALIZED COTANGENT LIFTING
OF QUASILINEAR IMPLICIT EQUATIONS

. . d .
Time-dependent equation ! g ltows, o = tdx

0

Ft = fi(X,t)W

Cotangent lifting of the [3ow

d C C C C :
—pr =i o, o =tdx
o dt
Cotangent lifting of |
the equation e | ! f Il
tel AR i T

delwx = dHo, - Holad 1=




A VARIATIONAL CHARACTERIZATION
OF COTANGENT LIFTINGS

a(t) = (o)) o) = (x(f), AD))




A VARIATIONAL CHARACTERIZATION
OF COTANGENT LIFTINGS

@)= | (o) olt) = (x(t), A())

SH(l ) == | *"0 - HO(I (t),t)dt
0

= MO — P00t s AOG (), (). et
0 0

G*(x, X) = A*(X)x ! f*(x)
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e E. 1 F° 1 X, 17"Hn=Idyx Lagrange il

B s (1)=0, !:[0,T]! F*

e )= x(1), 1 (1) = (x(1), u(t) Cotangent lifting




"COTANGENT" LIFTING OF
QUASILINEAR EQUATIONS

B A2 O Quasilinear equation

A: TX - F, p:F—=X Bundle map, auxiliary bundle

e E. 1 F° 1 X, 17"Hn=Idyx Lagrange il

B s (1)=0, !:[0,T]! F*
L) = x(t), () = (x(1), u(t))

S,(1) = /OT!u(t),A(x)x'J" f(x)#dt
= [ 1 OA @O —m(©f o)
g e
0

Cotangent lifting




COTANGENT-LIKE BUNDLE
STRUCTURE

Proposition. Critical curves of Sy on €, (F*) are solutions of the set of
quasilinear implicit equations:
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COTANGENT-LIKE BUNDLE
STRUCTURE

Proposition. Critical curves of Sy on €, (F*) are solutions of the set of
quasilinear implicit equations:

Fij ()

) =g i = A'l Dual auxiliary bundle and
e  4; (z)dz ) canonical 1-form

Qp = —dl 4, QA s s Canonical 2-form

: | Pty
e IE P B 1B Cotangent-like lifting

a =6 Tl = (ul )

M. Delgado, Ph. D. Thesis '04



PRESYMPLECTIC FORMULATION FOR COMPLETE
LIFTINGS OF QUASILINEAR EQUATIONS

B A(2)2=1°(2)

i o _ f(=)
ldp, G




PRESYMPLECTIC FORMULATION FOR COMPLETE
LIFTINGS OF QUASILINEAR EQUATIONS

B A(2)2=1°(2)

| Al) i Criy = /()
B oA 9T L

Theorem. The complete lifting E* of the quasilinear equation
E = {AX)Xxi= f (x)} is the Hamiltonian quasilinear equation onF *
with respect to the presymplectic 2-form 2, and Hamiltonian

HO(X1 C) T Cozf Oé(x)-
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Theorem. The complete lifting E* of the quasilinear equation
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with respect to the presymplectic 2-form 2, and Hamiltonian
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Consistency or integrablility conditions




PRESYMPLECTIC FORMULATION FOR COMPLETE
LIFTINGS OF QUASILINEAR EQUATIONS

B A(2)2=1°(2)

B i | 0] . [
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Theorem. The complete lifting E* of the quasilinear equation
E={AX)x1= f (x)} is the Hamiltonian quasilinear equation onF *
with respect to the presymplectic 2-form 2, and Hamiltonian

HO(X1 C) e Cozf a(x)-
Consistency or integrablility conditions

(ker A*,f) =0 iff (ker(A°)*,f¢ =0
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5. PMP FOR IMPLICIT

OPTIMAL CONTROL

Integrability of implicit equations:
constraint algorithm

e X,— X, E,—F

X1=Vx(Eg), E1=TX1NEy,...
o= me(BErai)s (B Xpl Epiq

= TN, X! Xp g Regularity conditions

XKoo =1 k>0Xk, Eoo =!kzobEk " TX

Rabiler-Reinhbolt '94, Marmo-Mendella-Tulczyjew '95
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Integrability of guasilinear implicit equations
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CONSTRAINT ALGORITHM FOR
QUASILINEAR EQUATIONS

Integrability of guasilinear implicit equations
E={(z,4)! TX | Alx)u= f(z)}

X. Gracia, J. Pons '92, M.C. Mu-o0z Lecanda, N. Romfn Roy '95




CONSTRAINT ALGORITHM FOR
QUASILINEAR EQUATIONS

Integrability of guasilinear implicit equations
E={(z,2)! TX | Alx)u= f(z)}

W e X1 |l !!f! :O,\VlllA; =0

(ker A’ (z), f(z)) =0

X. Gracia, J. Pons '92, M.C. Mu-o0z Lecanda, N. Romfn Roy '95
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CONSTRAINT ALGORITHM FOR
QUASILINEAR EQUATIONS

Integrability of guasilinear implicit equations
E={(z,2)! TX | Alx)u= f(z)}

W e X1 |l !!f! :O)VI,A; =0

(ker A’ (z), f(z)) =0
. f T

B ker Al fr) =0, Apa =Ar|x,, fer1 =felx: B8

Xeo, Aco(@)8= foolx,u), KerAL(a), foolz,u)" = 0

X. Gracia, J. Pons '92, M.C. Mu-o0z Lecanda, N. Romfn Roy '95




THE CONTROL SYSTEM ASSOCIATED TO
A WELL-POSED IMPLICIT EQUATION

Lemma. Let A(x)t = f(x) be a consistent quasilinear implicit di! erential
equation such that ker A C T'X is a trivial bundle of rank s. Then it is equivalent
to a control equation of the form:

it = F'(x) + Zi(x)",

where Z;. is a global basis for ker A and v € R?.
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THE CONTROL SYSTEM ASSOCIATED TO
A WELL-POSED IMPLICIT EQUATION

Lemma. Let A(x)t = f(x) be a consistent quasilinear implicit di! erential
equation such that ker A C T'X is a trivial bundle of rank s. Then it is equivalent
to a control equation of the form:

it = F'(x) + Zi(x)",
where Z;. is a global basis for ker A and v € R?.
Proof. = o — [t f =T A(E)/axi): A0,

E 0
ot a7

. |
g T Zy B0 = ZL(X){? I ker A(X)
8= A0 0z, i ' .40 , ... arbitrary
0
; 1

M= v+
Oxl
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PONTRYAGUINE'S MAXIMUM PRINCIPLE FOR
IMPLICIT OPTIMAL CONTROL PROBLEMS

Theorem. Consider the implicit optimal control problem defined by the
well-posed quasilinear equation A(x)t = f(x,u), the objective functional S =

Ji Lz, u)dt and end-point conditions z(0) = o, 2(T) = Xt. If (t) = (&(t), a(t)

is a (normal) solution of the problem, then there exists a lifting fi(¢) of the curve
o(t) to the bundle F* ! (C such that it is an integral curve of the equations:

OH,

i On el
ox' ’

where H\ (z, u,u) = " L(xz,u) and such that,

Aia(aj)éa Fija(x)Caj;i T

Hy (3(t), fi(t), 0(t)) = max Hy (3(2), (1), ).
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PROOF OF THE GEOMETRIC
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Geometric PMP for quasilinear implicit systems

Theorem. Consider the implicit well-posed quasilinear equationA(x)4 =
f(x,u) with initial condition x(0) = xq. If ! (¢) = (5x(¢), %(¢)) I1s a solution of the
system such that H1") € " A, (7T), then there exists a lifting #(¢) of the curve
| (t) to the bundle F* — C such that it is an integral curve of the cotangent
lifting of the equation to F", i.e., is an integral curve of the implicit hamiltonian

system debned by
irfla = dHy,

where Ho(x, i, u) = po f(x,u), and such that

Ho(#(1), (1), w(t)) = max_ Ho(#(t), a(t), u).
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Geometric PMP for quasilinear implicit systems

Theorem. Consider the implicit well-posed quasilinear equationA(x)4 =
f(x,u) with initial condition x(0) = xq. If ! (¢) = (5x(¢), %(¢)) I1s a solution of the
system such that H1") € " A, (7T), then there exists a lifting #(¢) of the curve
| (t) to the bundle F* — C such that it is an integral curve of the cotangent
lifting of the equation to F", i.e., is an integral curve of the implicit hamiltonian

system debned by
irfla = dHy,

where Ho(x, i, u) = po f(x,u), and such that

Ho(#(1), (1), w(t)) = max_ Ho(#(t), a(t), u).

Proof. If o(t) = (=x(¢), ®(t)) is a solution of the system A(x)x= f(x,u) then
It Is a solution of the consistent system obtained by applying the constrain
algorithm to it. We will assume that our equation is debPned onX, , etc.




PROOF: CONT'ED

Proof cont’ed. We will cover the trajectory z(t), t € |0,T] by a finite se-
quence of open neighborhoods U;, [ = 1,... N, small enough for the bundles
over them trivialize and such that only U, N Ujisr # 0. We shall select a
tamily of Lebesgue points x; € Uy N U;+1, xn = xp. The consistent system
A(xz)x = f(x,u) restricted to each Uy is equivalent to an explicit control system
with extended controls (u®, v®):

# = 8 ) e )
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quence of open neighborhoods U;, [ = 1,... N, small enough for the bundles
over them trivialize and such that only U, N Ujisr # 0. We shall select a
tamily of Lebesgue points x; € Uy N U;+1, xn = xp. The consistent system
A(xz)x = f(x,u) restricted to each Uy is equivalent to an explicit control system
with extended controls (u®, v®):

# = 8 ) e )

Then by the usual Geometric PMP, z(T') € 0A,, _, (T —tn_1) if there exists
A(t) € T* X such that:

Ho(&(t), A(t), (t), _max_Ho(&(t), A(t), u,v),

Ho(z, A\, u,v) = MF' (z,u) + X\ Zh(x)v".




PROOF: CONT'ED

Then by the usual Geometric PMP, z(T') € 0A,, _, (T —tn_1) if there exists
A(t) € T*X such that:

Ho(&(t), A(t), u(t), _max_Ho(&(t), A(t), u,v),

Ho(z, M\ u,v) = M F'(z,u) + X\ Z8(x)v".

However the last maximum condition can only be satisbed ift ;Z}(x) = 0,
this Is:

| € (ker A*)Y = ran A*,

thus there exists a curveA*(x(t))u(t) = ! (1), or

A; (D (1) = 1().




PROOF: END

Then, the trajectory #«(t), (t) maximizes the Hamiltonian Hy = ! ;F* =
A%ua ' = pefe, and it is an integral curve of the contangent lifting of the
Hamiltonian equation debPned byt~ F'+ vZ(x). It can be seen that the contan:
gent lifting of the control system associated to a consistent implicit quasilinea
equation Az = f is the same as the control system associated to the implic
guasilinear equation A°4i= f¢€. Thus, the lifted trajectory is hamiltonian with
respect to (24 and Hy on U;. Composing the trajectories backwards we wi
obtain the global solution.
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Finally, let us remark that the consistency condition for the quasilinear sys-
tem Ax = f is equivalent to the consistency condition for the lifted equation to
F*, thus we can consider the implicit presymplectic system defined by {24 and
Hy on the initial manifold X and not just on X..
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Then, the trajectory #«(t), (t) maximizes the Hamiltonian Hy = ! ;F* =
A%ua ' = pefe, and it is an integral curve of the contangent lifting of the
Hamiltonian equation debPned byt~ F'+ vZ(x). It can be seen that the contan:
gent lifting of the control system associated to a consistent implicit quasilinea
equation Az = f is the same as the control system associated to the implic
guasilinear equation A°41= f¢. Thus, the lifted trajectory is hamiltonian with
respect to (24 and Hy on U;. Composing the trajectories backwards we wi
obtain the global solution.

Finally, let us remark that the consistency condition for the quasilinear sys-
tem Ax = f is equivalent to the consistency condition for the lifted equation to
F*, thus we can consider the implicit presymplectic system defined by {24 and
Hy on the initial manifold X and not just on X.. .




APPLICATIONS AND
FURTHER PROBLEMS

Development of notions of regular and singular
iImplicit optimal control

Apply to systems like spin systems, implicit LQ
systems, etc. Discuss their guantization...







