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1. Introduction:  Control 

Systems described by 

implicit equations

Implicit descriptor systems (systems described by implicit 
differential equations) are often found both in physics and 
engineering (differential-algebraic equations or DAE's).

The problem of control and optimal control of systems described 
by implicit equations has not been discussed thoroughly 
(contrary to the explicit case).

Singular implicit optimal problems can be considered withing the 
same framework. 

We will provide a PMP for optimal control problems described 
by implicit equations (implicit optimal control) inspired by a 
generalized contangent lifting of differential equations.

C. Petit '02, etc.Kunkel-Merhman LQ '98,



2. Implicit Optimal 

Control Problems

X x i i = 1, . . . , n

π : C → X (xi , ua) a = 1, . . . ,m

! X : TX → XΓ : C → TX ! X ◦ Γ = "

! = f i (x, u)
∂

∂xi , ẋi = f i (x, u)

L : C → R, S(! ) =
! T

0
L(x(t), u(t))dt,

! (t) = (x(t), u(t)) ! Ω0,T (C)

min

! = ( x, u) ! ! 0,T

úx = f (x, u)

! T

0
L(x, u)dt

State space
Control bundle

State, control 
equation

Objective, cost 
functional



2. Implicit Optimal 

Control Problems
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L : C → R, S(! ) =
! T

0
L(x(t), u(t))dt,

! (t) = (x(t), u(t)) ! Ω0,T (C)
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! = ( x, u) ! ! 0,T

úx = f (x, u)

! T

0
L(x, u)dt

State space
Control bundle

State, control 
equation

Objective, cost 
functional

E. Mart’nez, C. L—pez '99, '00



Differential-Algebraic 

(Implicit) Equations

! : C ! TX, ! X " ! #= "

E = ! (C) = Ran! ⊂ TX

(x, v) ∈ E, E ∩| ! ∗(x, v)

Implicit equation

Integrable point: 
existence of solutions
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Integrable point: 
existence of solutions
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Implicit equation

Integrable point: 
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Differential-Algebraic 

(Implicit) Equations

! : C ! TX, ! X " ! #= "

E = ! (C) = Ran! ⊂ TX

(x, v) ∈ E, E ∩| ! ∗(x, v)

ρ : F ! X, π∗F ! C (xi , ua , ζα)

! ! TX → C (xi, ua, ẋi = vi)

G : π! T X → π! F, E = G" 1(0)

E = {(x, úx, u) | Gα(x, úx, u) = 0 , ! = 1 , . . . , r}

max rank
∂G!

∂ẋi
(x, v)

Implicit equation

Integrable point: 
existence of solutions

Auxiliary bundle

Integrability condition



Quasilinear Implicit 

Differential Equations

A : ! ∗T X ! ! ∗F,A : TX → F, ρ ◦A = τX

A!
i (x, u) úxi = f ! (x, u), f : X → C, ρ ◦ f = idX

max rankA(x, u)

Gα(x, ẋ, u) = Aα
i (x, u)ẋi ! fα(x, u)

Quasilinear equations



Quasilinear Implicit 

Differential Equations

A : ! ∗T X ! ! ∗F,A : TX → F, ρ ◦A = τX

A!
i (x, u) úxi = f ! (x, u), f : X → C, ρ ◦ f = idX

max rankA(x, u)

Gα(x, ẋ, u) = Aα
i (x, u)ẋi ! fα(x, u)

X = TQ, x = (q, q̇)

L : TQ→ R, L(q, q̇)

! L = ! d" L , !̂ L : T (TQ) " T ! (TQ)

A = !̂ L, F = T∗(TQ)

A(! ) := !̂ L(! ) = dEL

Quasilinear equations

An important application

Singular Lagrangian systems

Cartan 2-form

Implicit quasilinear equation



3. Pontriaguine's 

Maximum Principle



3. Pontriaguine's 

Maximum Principle

Theorem. PontryaguineÕs maximum principle. If (÷x(t), ÷u(t)) is a normal so-
lution of the optimal control problem deÞned by the explicit equation úx = f (x, u)
and the objective functional S =

! T
0 L(x, u)dt, then there exists an absolutely

continuous curve (÷x, ÷! ) ∈ T ! X that satisÞes (a.e.) HamiltonÕs equations:

úxi =
" HL

"! i
, ú! i = − " HL

" xi ,

where HL (x, ! , u) = ! i f i (x, u) − L(x, u) is PontryaguineÕs Hamiltonian and in
addition:

HL (÷x, ÷! , ÷u) = max
u" C ÷x

HL (÷x, ÷! , u).



Two ideas on the proof 

of PMP

Geometric PMP

Theorem. Geometric maximum principle. Given ẋ = f(x, u), and (x̃, ũ)
a solution with initial data x̃(0) = x0, then x̃(T ) ∈ ∂A x0(T ) if there exists a
cotangent lifting (x̃, λ̃) ∈ T ! X such that:

ẋi =
∂H0

∂λi
, λ̇i = −∂H0

∂xi
,

with H0(x, λ, u) = λif i(x, u) and H0(x̃, λ̃, ũ) = maxu" C H0(x̃, λ̃, u).



Two ideas on the proof 

of PMP

Geometric PMP

Theorem. Geometric maximum principle. Given ẋ = f(x, u), and (x̃, ũ)
a solution with initial data x̃(0) = x0, then x̃(T ) ∈ ∂A x0(T ) if there exists a
cotangent lifting (x̃, λ̃) ∈ T ! X such that:

ẋi =
∂H0

∂λi
, λ̇i = −∂H0

∂xi
,

with H0(x, λ, u) = λif i(x, u) and H0(x̃, λ̃, ũ) = maxu" C H0(x̃, λ̃, u).

! t(u),
d

dt
! t(u) = ! (x, u) ◦ ! t(u), ! 0(u) = idX

u(t) admissible, xu (t), ẋu (t) = Γ(x(t), u(t))

Ax0 = {xu(T ) | u(t) admissible, xu(0) = x0}



Two Ideas on the Proof 

of Geometric PMP

(÷x, ÷u) KT ⊂ TxT X

λT ∈ T ∗
xT

X

Cotangent lifting

Tangent perturbation cone

Support covector

Hamiltonian vector Þeld

M. Barbero-Li–‡n, M.C. Mu–oz-Lecanda. Geometric approach to 

Pontryagin's maximum principle '08. 

d

dt
ϕc

t = Γc(x, ÷u(t)) ◦ ϕc
t

! c
T−t"̃ t = " T

iΓc
u
! X = dH0 H0(x, " , u) = " i f

i (x, u)



4. Generalized Cotangent Lifting 

of Quasilinear Implicit Equations

! t,
d

dt
ϕt = ! t ◦ ϕt, ϕ0 = idXTime-dependent equation



4. Generalized Cotangent Lifting 

of Quasilinear Implicit Equations

! t,
d

dt
ϕt = ! t ◦ ϕt, ϕ0 = idX

Γt = f i (x, t )
∂

∂xi

ϕc
t = Tϕ!

" t

! c
t ,

d

dt
ϕc

t = ! c
t ! ϕc

t , ϕc
0 = idX

! c
t = f i(x, t )

!
! xi

− " j
! f j

! xi

!
!" i

iΓc
t
ωX = dH0, H0(x, λ, t) = λif

i(x, t)

Time-dependent equation

Cotangent lifting of the ßow

Cotangent lifting of 
the equation



A Variational Characterization 

of cotangent Liftings

úσ(t) = ! c
t (σ(t)) σ(t) = (x(t), λ(t))



A Variational Characterization 

of cotangent Liftings

úσ(t) = ! c
t (σ(t))

dSH (σ) = 0
SH (! ) =

! T

0
! ∗"0 − H0(! (t), t)dt

=
! T

0
! i(t) úxi(t) −H0(x(t), ! (t), t)dt

=
! T

0
λi(t)[ úxi(t) − f i(x(t), t)]dt =

! T

0
λi(t)Gi(x(t), úx(t), t)dt

σ(t) = (x(t), λ(t))

Gα(x, úx) = Aα
i (x) úxi ! f α(x)



"Cotangent" Lifting of 

Quasilinear equations

A : TX → F, ρ : F → X

E : Aα
i (x)ẋ i = f α(x) Quasilinear equation

Bundle map, auxiliary bundle
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µ : X ! F ∗, ! ∗ : F ∗ ! X, ! ∗ " µ = idX

E : Aα
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Bundle map, auxiliary bundle

Lagrange multiplier



"Cotangent" Lifting of 

Quasilinear equations

A : TX → F, ρ : F → X

µ : X ! F ∗, ! ∗ : F ∗ ! X, ! ∗ " µ = idX

E : Aα
i (x)ẋ i = f α(x)

E c : dSA (! ) = 0 , ! : [0, T] ! F ∗,

" ∗ " ! (t) = x(t), ! (t) = ( x(t), µ(t))

Quasilinear equation

Bundle map, auxiliary bundle

Lagrange multiplier

Cotangent lifting



"Cotangent" Lifting of 

Quasilinear equations

A : TX → F, ρ : F → X

µ : X ! F ∗, ! ∗ : F ∗ ! X, ! ∗ " µ = idX

E : Aα
i (x)ẋ i = f α(x)

E c : dSA (! ) = 0 , ! : [0, T] ! F ∗,

" ∗ " ! (t) = x(t), ! (t) = ( x(t), µ(t))

SA(! ) =
∫ T

0
!µ(t), A(x) úx " f (x)#dt

=
∫ T

0
µ! (t)A!

i (x(t))ẋi − µi (t)f ! (x(t))dt

=
! T

0
σ∗θA ! H0(σ(t))dt

Quasilinear equation

Bundle map, auxiliary bundle

Lagrange multiplier

Cotangent lifting



Cotangent-Like  bundle 

structure
Proposition. Critical curves of SA on Ωx 0(F ∗) are solutions of the set of

quasilinear implicit equations:

A!
i (x)ẋ i = f ! , (1)

A!
i (x)!̇ ! + F !

ij (x)! ! ẋ i = ! ! !
" f !

" xi , (2)

F !
ij (x) =

" A!
i

" xj !
" A!

j

" xi (3)



Cotangent-Like  bundle 

structure

F ! ! X, ! A = "! A!
i (x)dxi = A! ! 0
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A!
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" f !

" xi , (2)

F !
ij (x) =

" A!
i

" xj !
" A!

j

" xi (3)

Dual auxiliary bundle and 
canonical 1-form
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structure
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Cotangent-Like  bundle 

structure

F ! ! X, ! A = "! A!
i (x)dxi = A! ! 0

ΩA = −d! A , öΩA : T F ! → T! F !

Ac = !̂ A : TF ! ! F c, F c := T ! F !

zI = ( xi, ζα), úzI = ( úxi, úζα)

Proposition. Critical curves of SA on Ωx 0(F ∗) are solutions of the set of
quasilinear implicit equations:

A!
i (x)ẋ i = f ! , (1)

A!
i (x)!̇ ! + F !

ij (x)! ! ẋ i = ! ! !
" f !

" xi , (2)

F !
ij (x) =

" A!
i

" xj !
" A!

j

" xi (3)

M. Delgado, Ph. D. Thesis '04  

Dual auxiliary bundle and 
canonical 1-form

Canonical 2-form

Cotangent-like lifting



Presymplectic Formulation for Complete 

Liftings of Quasilinear equations

E c : Ac(z)ż = f c(z)

Ac(z) =
[

A(x) 0
〈FA, ζ〉 A(x)

]
f c(z) =

[
f (x)

!df, ζ"

]
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Ac(z) =
[

A(x) 0
〈FA, ζ〉 A(x)

]
f c(z) =

[
f (x)

!df, ζ"

]

Theorem. The complete lifting E c of the quasilinear equation
E = { A(x) úx = f (x)} is the Hamiltonian quasilinear equation on F ∗

with respect to the presymplectic 2-form ΩA and Hamiltonian
H0(x, ζ) = ζαf α(x).
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Presymplectic Formulation for Complete 

Liftings of Quasilinear equations

E c : Ac(z)ż = f c(z)

Ac(z) =
[

A(x) 0
〈FA, ζ〉 A(x)

]
f c(z) =

[
f (x)

!df, ζ"

]

Theorem. The complete lifting E c of the quasilinear equation
E = { A(x) úx = f (x)} is the Hamiltonian quasilinear equation on F ∗

with respect to the presymplectic 2-form ΩA and Hamiltonian
H0(x, ζ) = ζαf α(x).

〈ker A∗, f 〉 = 0 iff 〈ker(Ac)∗, f c〉 = 0

Consistency or integrability conditions
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E ⊂ TX, X0 = X, E0 = E

Integrability of  implicit equations: 
constraint algorithm 
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5. PMP for Implicit 

Optimal Control

E ⊂ TX, X0 = X, E0 = E

X1 = ! X (E0), E1 = TX1 ∩ E0, . . .

Xk = τX (Ek−1), Ek = TX k ! Ek−1, . . .

Ek ! T X k, X k ! X k−1

X∞ = ! k≥0X k , E∞ = ! k≥0Ek " TX∞

Integrability of  implicit equations: 
constraint algorithm 

Rabier-Reinhbolt '94, Marmo-Mendella-Tulczyjew '95

Regularity conditions



Constraint Algorithm for 

Quasilinear Equations

Integrability of quasilinear implicit equations

E = {(x, úx) ! TX | A(x) úx = f (x)}
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Constraint Algorithm for 

Quasilinear Equations

Integrability of quasilinear implicit equations

X. Gracia, J. Pons '92, M.C. Mu–oz Lecanda, N. Rom‡n Roy '95

E = {(x, úx) ! TX | A(x) úx = f (x)}

x ∈ X1 i! ! ! f ! = 0 ,∀! ! A!
i = 0

〈kerA! (x), f(x)〉 = 0

A1 = A |X1 , f 1 = f |X1 , . . .



Constraint Algorithm for 

Quasilinear Equations

Integrability of quasilinear implicit equations

X. Gracia, J. Pons '92, M.C. Mu–oz Lecanda, N. Rom‡n Roy '95

E = {(x, úx) ! TX | A(x) úx = f (x)}

x ∈ X1 i! ! ! f ! = 0 ,∀! ! A!
i = 0

〈kerA! (x), f(x)〉 = 0

A1 = A |X1 , f 1 = f |X1 , . . .

Xk+1 , 〈kerA∗
k, fk〉 = 0, Ak+1 = Ak |Xk+1 , fk+1 = fk |Xk+1 , . . .



Constraint Algorithm for 

Quasilinear Equations

Integrability of quasilinear implicit equations

X. Gracia, J. Pons '92, M.C. Mu–oz Lecanda, N. Rom‡n Roy '95

E = {(x, úx) ! TX | A(x) úx = f (x)}

x ∈ X1 i! ! ! f ! = 0 ,∀! ! A!
i = 0

〈kerA! (x), f(x)〉 = 0

A1 = A |X1 , f 1 = f |X1 , . . .

Xk+1 , 〈kerA∗
k, fk〉 = 0, Ak+1 = Ak |Xk+1 , fk+1 = fk |Xk+1 , . . .

X∞, A∞(x) úx = f∞(x, u), !kerA∗∞(x), f∞(x, u)" = 0



The Control system associated to 

a Well-posed Implicit Equation

Lemma. Let A(x)ẋ = f(x) be a consistent quasilinear implicit di! erential
equation such that kerA ⊂ TX is a trivial bundle of rank s. Then it is equivalent
to a control equation of the form:

ẋi = F i(x) + Zi
k(x)vk,

where Zk is a global basis for kerA and v ∈ Rs.
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The Control system associated to 

a Well-posed Implicit Equation

Lemma. Let A(x)ẋ = f(x) be a consistent quasilinear implicit di! erential
equation such that kerA ⊂ TX is a trivial bundle of rank s. Then it is equivalent
to a control equation of the form:

ẋi = F i(x) + Zi
k(x)vk,

where Zk is a global basis for kerA and v ∈ Rs.

Proof. ẋ ∈ T X, ẋ = ẋi! / ! xi f = f ! θ! A(∂/∂xi) = Aα
i θα

∂

∂x1 , . . . ,
∂

∂xr
, Z1, . . . , Zs Zk (x) = Z i

k (x)
!

! xi ! kerA(x)

÷θi = A(∂/∂xi), i = 1 , . . . , r, ÷θr+1 , ÷θr+2 , . . . arbitrary

úx = v1 ∂

∂x1
+ . . . + vr ∂

∂xr + vr +1Z1 + . . . + vr +sZs



Proof: Cont'ed

f = f̃αθ̃α Aα
i f̃ i = fα



Proof: Cont'ed
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k(x)
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k (x)
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i f̃ i = fα



Proof: Cont'ed

úx1 = v1 + vr+ kZ1
k(x)

á á á á á á á á á
úxr = vr + vr+ kZr

k(x)
úxr+1 = vr+ kZr+1

k (x)
á á á á á á á á á
úxn = vnZn

k (x)
úx1 = ÷f1(x) + vr+kZ1

k(x)
á á á á á á á á á
úxr = ÷fr(x) + vr+kZr

k(x)
úxr+1 = vr+kZr+1

k (x)
á á á á á á á á á
úxn = vnZn

k (x)

f = f̃αθ̃α

v1 = f̃ 1, . . . , vr = f̃ r, f̃ r+1 . . . = 0

Aα
i f̃ i = fα
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ẋi = F i(x) + vr+kZi
k(x), F =
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f = f̃αθ̃α
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i f̃ i = fα
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Pontryaguine's Maximum Principle for 

Implicit Optimal Control Problems

Theorem. Consider the implicit optimal control problem defined by the
well-posed quasilinear equation A(x)ẋ = f(x, u), the objective functional S =∫ T
0 L(x, u)dt and end-point conditions x(0) = x0, x(T ) = XT . If (t) = (x̃(t), ũ(t))

is a (normal) solution of the problem, then there exists a lifting µ̃(t) of the curve
σ(t) to the bundle F ∗ ! C such that it is an integral curve of the equations:

Aα
i (x)ẋi =

∂HL

∂µα
,

Aα
i (x)ζ̇α + Fα

ij (x)ζαẋi = "
∂HL

∂xi ,

where HL (x, µ, u) = µαfα(x, u) " L(x, u) and such that,

HL (x̃(t), µ̃(t), ũ(t)) = max
u∈C

HL (x̃(t), µ̃(t), u).
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Theorem. Consider the implicit well-posed quasilinear equationA(x) úx =
f (x, u) with initial condition x(0) = x0. If ! (t) = (÷x(t), ÷u(t)) is a solution of the
system such that ÷x(T ) ∈ " A x0 (T ), then there exists a lifting ÷µ(t) of the curve
! (t) to the bundle F ! → C such that it is an integral curve of the cotangent
lifting of the equation to F ! , i.e., is an integral curve of the implicit hamiltonian
system deÞned by

iΓΩA = dH0,

where H0(x, µ, u) = µαfα(x, u), and such that

H0(÷x(t), ÷µ(t), ÷u(t)) = max
u" C

H0(÷x(t), ÷µ(t), u).
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Proof of the Geometric 

PMP for Implicit equations

Theorem. Consider the implicit well-posed quasilinear equationA(x) úx =
f (x, u) with initial condition x(0) = x0. If ! (t) = (÷x(t), ÷u(t)) is a solution of the
system such that ÷x(T ) ∈ " A x0 (T ), then there exists a lifting ÷µ(t) of the curve
! (t) to the bundle F ! → C such that it is an integral curve of the cotangent
lifting of the equation to F ! , i.e., is an integral curve of the implicit hamiltonian
system deÞned by

iΓΩA = dH0,

where H0(x, µ, u) = µαfα(x, u), and such that

H0(÷x(t), ÷µ(t), ÷u(t)) = max
u" C

H0(÷x(t), ÷µ(t), u).

Proof. If σ(t) = (÷x(t), ÷u(t)) is a solution of the systemA(x) úx = f (x, u) then
it is a solution of the consistent system obtained by applying the constraint
algorithm to it. We will assume that our equation is deÞned onX! , etc.

Geometric PMP for quasilinear implicit systems



Proof: Cont'ed

Proof cont’ed. We will cover the trajectory x̃(t), t ∈ [0, T ] by a finite se-
quence of open neighborhoods Ul, l = 1, . . . N , small enough for the bundles
over them trivialize and such that only Ul ∩ Ul+1 #= ∅. We shall select a
family of Lebesgue points xl ∈ Ul ∩ Ul+1 , xN = xT . The consistent system
A(x)ẋ = f(x, u) restricted to each UI is equivalent to an explicit control system
with extended controls (ua, vk):

ẋi = F i(x, u) + vkZi
k(x).
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quence of open neighborhoods Ul, l = 1, . . . N , small enough for the bundles
over them trivialize and such that only Ul ∩ Ul+1 #= ∅. We shall select a
family of Lebesgue points xl ∈ Ul ∩ Ul+1 , xN = xT . The consistent system
A(x)ẋ = f(x, u) restricted to each UI is equivalent to an explicit control system
with extended controls (ua, vk):

ẋi = F i(x, u) + vkZi
k(x).

Then by the usual Geometric PMP, x̃(T ) ∈ ∂AxN −1(T −tN−1) if there exists
λ̃(t) ∈ T ∗X such that:

H0(x̃(t), λ̃(t), ũ(t), ṽ(t)) = max
u∈C,v∈Rs

H0(x̃(t), λ̃(t), u, v),

with,
H0(x, λ, u, v) = λiF

i(x, u) + λiZ
i
k(x)vk.



Proof: Cont'ed

Then by the usual Geometric PMP, x̃(T ) ∈ ∂AxN −1(T −tN−1) if there exists
λ̃(t) ∈ T ∗X such that:

H0(x̃(t), λ̃(t), ũ(t), ṽ(t)) = max
u∈C,v∈Rs

H0(x̃(t), λ̃(t), u, v),

with,
H0(x, λ, u, v) = λiF

i(x, u) + λiZ
i
k(x)vk.

However the last maximum condition can only be satisÞed if! iZ i
k(x) = 0,

this is:
! ∈ (ker A∗)0 ∼= ran A∗,

thus there exists a curveA∗(÷x(t))µ(t) = ! (t), or

A!
i (t)µ! (t) = ! i(t).



Proof: End

Then, the trajectory ÷x(t), ÷µ(t) maximizes the Hamiltonian H0 = ! iF i =
Aα

i µα
÷f i = µαfα, and it is an integral curve of the contangent lifting of the

Hamiltonian equation deÞned by úx = F + vZ(x). It can be seen that the contan-
gent lifting of the control system associated to a consistent implicit quasilinear
equation A úx = f is the same as the control system associated to the implicit
quasilinear equationAc úz = fc. Thus, the lifted trajectory is hamiltonian with
respect to ΩA and H0 on Ul. Composing the trajectories backwards we will
obtain the global solution.



Proof: End

Finally, let us remark that the consistency condition for the quasilinear sys-
tem Aẋ = f is equivalent to the consistency condition for the lifted equation to
F ∗, thus we can consider the implicit presymplectic system defined by ΩA and
H0 on the initial manifold X and not just on X∞.
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Then, the trajectory ÷x(t), ÷µ(t) maximizes the Hamiltonian H0 = ! iF i =
Aα

i µα
÷f i = µαfα, and it is an integral curve of the contangent lifting of the

Hamiltonian equation deÞned by úx = F + vZ(x). It can be seen that the contan-
gent lifting of the control system associated to a consistent implicit quasilinear
equation A úx = f is the same as the control system associated to the implicit
quasilinear equationAc úz = fc. Thus, the lifted trajectory is hamiltonian with
respect to ΩA and H0 on Ul. Composing the trajectories backwards we will
obtain the global solution.



Applications and 

Further Problems

Development of notions of regular and singular 
implicit optimal control

Apply to systems like spin systems, implicit LQ 
systems, etc.  Discuss their quantization...



ThatÕs all folks!


