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SUMMARY

In optimal control theory, Pontryagin’s Maximum Principle [5] gives necessary conditions for optimality.
Due to the work of Montgomery [3] and Liu and Sussmann [2], the existence of abnormal optimal tra-
jectories 1n subRiemannian geometry is known. We study the existence of abnormal and strict abnormal
extremals in a particular class of mechanical systems assuming accessibility [4] and using tools as the
symmetric product [1] and the vector-valued quadratic forms [1].

AFFINE CONNECTION CONTROL SYSTEMS, ACCS

Let () be a smooth n-dimensional manifold, V be an affine connection on () and v: I C R — ().

= ()Y (v(t), (D)

Dynamics equations of the control system :

Vi)

the controls u*: I — U C R™ are locally integrable, U is an open set, Y. are input vector fields on ().
The tuple (@), V, %, U) is called an Affine Connection Control System, where % = {Y1,..., Y }.

The geodesic spray Z associated to V is a vector field on 7'() whose integral curves are the velocity curves
of the geodesics for V.
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In local coordinates (x, v) for T'Q), 7 = 8 Fé. .. Christoffel symbols for V' .

Equation (1) is rewritten as a first-order nonlinear control-affine system on 7'Q),

u" ()Y (Y())

where T: I — T'Q) 1s a curve such that T = ~ and ka denotes the vertical lift of the vector field Y;..

As usual we assume that the system 1s accessible [4] to have curves between any 1nitial conditions.

OPTIMAL CONTROL PROBLEM FOR ACCS

In optimal control problem for mechanical systems we look for a curve v in () and controls u such that
(4, u) minimizes the integral of a cost function F': T'Q) x U — R.

Statement 1. (Fixed-Time Optimal Control Problem for AC'C'S without velocity initial conditions)
Given (Q,V, %, U), I = |a,b|, x4, 7p € Q.

Find (v,u): I — Q X U such that for a curve T: I — T'Q satisfying 1o o1 = 7,
(1) ’V(Q) = Taq, ( ) = Ty,
(2)T(t) = Z(L(t) + u* )Y, (Y(t)), and
(3)S[Y,u] = [; F(Y(t),u(t))dt is minimum over all curves on TQ x U satisfying (1) and (2).

Notation: > = (Q,V, %, U, F, |a, b, x4, 1p).
Assumption: ka and [ are continuous on 7'Q) x U and continuously differentiable with respect to T'Q).

Pontryagin’s Hamiltonian for ¥ is H: T*(TQ) x U — R,

H(MAy,,u) = Ay, Z(vg) + ukYkV(vx» + poF(vg,u), Ay, € T, (TQ) and py € {—1,0} .

Theorem 1. (Pontryagin’s Maximum Principle)

Let (T, u): [a,b] — T'Q x U be a solution of the optimal control problem with initial conditions x,, xy.
Then there exist \: [a,b] — T*(T'Q) along T and py € {—1,0} such that:

1. A satisfies Hamilton’s equations, in local coordinates (aji, vt ;. q;) for T*(TQ)

FoR) =5 (), @oN) = (A, (rod) = —25(h ), @oh) =~ (A u)

2.7 = mpgol, v =190 T, where mpg: T*(1'Q) — TQ and 7): TQ — Q are the natural projections,
3. v satisfies the initial conditions in ();

4(a) H(A(t),u(t)) = maxgerr H(A(L), w) almost everywhere;
(b) maxy ;7 H(A(t), w) is constant everywhere;

(c) (po, A(t)) # 0 for each t € |a, ).

The necessary conditions 1-4 of Theorem 1 determine different kinds of extremals.

Definition 1. A curve (T, u): |a,b] — TQ x U is

1. an extremal for 3 if there exists A: [a,b] — T™(T'Q) such that T = 7pg o A and (A, u) satisfies
the necessary conditions of Pontryagin’s Maximum Principle;

2. a normal extremal for X if it is an extremal and py = —1;
3. an abnormal extremal for X if it is an extremal and py = 0;

4. a strict abnormal extremal for 2. if it is not a normal extremal, but it is an abnormal extremal.

The covector curve \: |a,b] — T*(T'Q) is called biextremal.

Remark: The abnormal extremals do not depend on the cost function, but the concept of strict abnormal-
ity depends on the cost function as we will see 1n the example.

CONSTRAINT ALGORITHM FOR ABNORMALITY

We look for a submanifold of 7(7'()) containing the covectors A along the abnormal extremals T.

For abnormal biextremals, the Hamiltonian is H (A, u) = (A, Z(T)+ ukYkV(T» =(Hy;+H Wv)(/\) and
—

the Hamiltonian vector fieldis X = H = Hy +u HYkV'

A necessary condition for maximizing the Hamiltonian with respect to the controls 1s

OH

Sk ,m — primary constraints.
U

——(Au) = <A,ka(7TTQ(A))>:Hykv(/\)z() for k=1,...

Primary submanifold
No={(Au) € THTQ) x U|Hyv(A)=0 for k=1,...,m} = ann 248
First consistency step: Ny ={(\,u) € No| X(A) € TA\Ny} C Np.

The tangency condition 1s satisfied 1f dHka(X ) = 0, then

N1 — {(A,u) c T*<TQ> x U | HYkV(A) — O, H[Z,E{V](A) =0 for k= 1, e ,m} C N().
Second consistency step: No ={(\,u) € Ni | X(N) € TA\N{} C Nj.
The tangency condition is satisfied if dH AN (X) =0, then

N {(A U)ENl‘H ZYV]]+U[YV[ZYV]](A>:O for k:1,...,m}gN1gNo.

It there exists ¢ € N such that N; = N;_y, then Ny = N;_ 1s the final constraint submanifold.
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Observe that [YZV, Z, ka}] = (Vy Yy + Vkal)V, where Vy Yy, + Vy Y] is known as the symmetric
product and denoted by (Y;: Y7.).

With this in mind, in [1] the following vector-valued quadratic forms associated to an ACCS are defined
and used to characterize some aspects of the controllability of the system

By: %y x %y — TyQ/ %, (wi,wa) — gy ((W1: Wa))

where W7 and W5 are 1n the submodule generated by Y7, . ..
Ty TqQ — TyQ /% is the natural projection.

For any A € (1,Q)/%;)" = ann %/, we have a real quadratic form AB;: %, x %, — R,
(w1, w2) — (A, Bg(wy, w2)). According to [1], any vector-valued quadratic form B, is

, Yy, and extend wy, wo € %,

o cither strongly semidefinite, i.e., there exists a nonzero A € ann % such that the real quadratic form
A B, 1s nonzero and semidefinite positive;

e or essentially indefinite, i.e., for all A € ann %, A By 1s zero or indefinite.

“If A B, 1s indefinite or definite, the controls are determined in Ny.” This is under research!

AN EXAMPLE OF STRICT ABNORMALITY

Let () = R3, V be the zero connection, % = span{Y7, Yo} where the vector fields are defined below. The
control set U is open in R? and contains the zero. The initial conditions are A = (2,0,0) and B = (2,1, 0).
We have an ACCS. In coordinates (x,y, 2, Vs, vy, V) for T'Q),

0 O 0 0 o 50 v B, v

7 =y, — = = Yi=—  Yo=(1-— —Z zvVi=—=Z  (vi-Vi\V =
vxax—'_vyay +;Zaz ; 1 3% 2 (a aj)ay—I—ZC 02’ [ y 4] }a o’ < 1 1> O,
7YV = (-1 =49 Vi- (Vi- VoW =902 (Vo Vo)V =
Z,Yy | = ( +l“)ay e Um@f(}g—l— T (Y1: (Y]: Y?)) 0. (Yo: Yo)" =0,
0 O B, O

717 vV = 717 VY = 20— — 4 W2 (Y1: Vo) = - o
[ 7[ ) 1]] 07 [ 7[ y L9 H Uxay xvxaz+ Uafavz < 1 2> avy—|— x@@g

The system 1s accessible because
X(TQ) = span{[Z, Y], [Z. Yy ],1Z, (Vi: o)V .Y}, Yy, (Vi: Vo)V, [Z, (Y1 (Vi Vo))V, (Vi (Vi Vo))V '}

If x = 0orx =2, we do not need the last two brackets.
The Hamiltonian for abnormal extremals 18 H = pyvy + pyvy + p2vz + ulqg; -+ u2(1 — T)qy + u2:v2qz
with Hamilton’s equations in coordinates (pz, py, Pz, 4z, Gy, q=) for the mpo-fibers in T*(1'Q))

! Pr = QyUQ — QQZU2$ v = — Pz
y=vy vy=u(l—x) p,=0 dy = —Dy
Z=Uy Uy = U2372 py =10 4z = —Pz

T=1UVy Uy =1U

Primary submanifold Ny = {(A,u) € T*(TQ) x U | gz = 0, qy(1 — x) + g2 = 0}

N1 ={(\Au) € Ny|pzr =0, (=1 +z)py — D, — Uy Qy + 2005q, = 0}

No ={(A,u) € Ny | (—qy+2xqz)u2 = (), (—qy+2xqz)u1 = —(prvx—élxvzpz—k%?ng)} .

2

=2 L The condition (—gq, + 2£qu)u2 = 01 N3 becomes

Ifz#1,q =

g =0 Noabnormal.
rx=2 O0OK!

xqzu2(2—x)zoz>{x:() No.

r—1 uw? =0 Nostrict abnormal.

No={(\,u) e THTQ) x U — {xqqu =0} gz =0, —gy +4q, =0}
Ny = {(A,u) S NQ—{xqquZO}‘px:O, py_4pz:O}
Ny = {(\,u) € N — {zqu® =0} |z =2, vy = 0}
Nz = {(A,u) € Ny — {zqu® =0} |vy =0, ul =0} = Ny .

Integrating Hamilton’s equations on the interval [ = |0, 1| we have

.
A<t> — (07 4p27p27 07 _4pzt + 46]27 _pzt T qg) Abnormal
Ab [ .
ex;(;:}:;? — (T(t),u(t)) = (2, —u2§ + Ugt, 2ut? + vlt, 0, —u’t + vg, 4u’t 4+ 0,0, u?(t)) | biextremal .
0
The initial condition B = (2,1,0) at t = 1 is satisfied if u* = —% = 2(v)) — 1).
Then the initial conditions for the velocities, although are not given, must be (0, vy, 4(1 — vy))
2 2
WHEN IS THE CURVE (T, u) STRICT ABNORMAL? Let F' = w ;“2 be the cost function, pg = —1
1z, 2
U +Uu
Hp = prvg + DyVy T PzUz + quul T Qyu2(1 — x) + QZU2372 — 5 ;
with the same Hamilton’s equations as before. From the maximization of the Hamiltonian,
OHp 1 OHp 2 2
—qr—u =0, =qy(l—z)+qx-—u*=0. 2

The curve T in Hamilton’s equation gives v

Gz = —py. From Equation (2) u* =

= (0 then g, = 0 because of Equation (2) and p, = 0 because
—qy +4q.. Hence 0 = p;; = —(u?)?.

We also have u? = 2(@2 —1),then 0 = —2(1 — vg)Q. But this is satisfied if and only if vg = 1. If vg =1,
then u* = 0 and (Y, u) is a normal extremal.

Therefore, we have found an extremal for an optimal control problem for ACCS without initial velocity
conditions and this extremal is strict abnormal if vg =+ 1.
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