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1 General setting
Nonholonomic mechanical systems where the Lagrangian is L(vq) =
1
2g(vq, vq) − V (q), vq ∈ TqQ. Here g is a Riemannian metric on Q. The
discrete Lagrangian Ld : Q×Q→ R approximates L : TQ→ R.

Constraints linear in the velocities are given by a distribution D ⊂ TQ.
Complementary projectors: P : TQ→ D, Q : TQ→ D⊥.

2 A geometric nonholonomic integrator
Discrete Euler–Lagrange equations (for unconstrained systems)

D1Ld(qk, qk+1) + D2Ld(qk−1, qk) = 0.

The proposed discrete nonholonomic equations are

P∗|qk(D1Ld(qk, qk+1)) + P∗|qk(D2Ld(qk−1, qk)) = 0

Q∗|qk(D1Ld(qk, qk+1))−Q∗|qk(D2Ld(qk−1, qk)) = 0.

The first equation is the projection of the discrete Euler–Lagrange equations
to the constraint distribution D, while the second one can be interpreted as
an elastic impact of the system against D (see [4]). The second equation
represents a three-point discretization of the constraints.

This defines a unique discrete evolution operator if and only if (D12Ld) is
a regular matrix.

Define the pre- and post-momenta, which are covectors at qk:

p+
k−1,k = F+Ld(qk−1, qk) = (qk, D2Ld(qk−1, qk))

p−k,k+1 = F−Ld(qk, qk+1) = (qk,−D1Ld(qk, qk+1)).

F±Ld are the discrete Legendre transformations associated to Ld.

3 Preservation properties of the method
Suppose that a Lie group G acts on Q. Define for each q ∈ Q

gq =
{
ξ ∈ g | ξQ(q) ∈ Dq

}
.

The bundle over Q whose fiber at q is gq is denoted by gD.

Define the discrete nonholonomic momentum map Jnh
d : Q × Q → (gD)∗

as in [1] by

Jnh
d (qk−1, qk) : gqk → R

ξ 7→
〈
D2Ld(qk−1, qk), ξQ(qk)

〉
.

For any smooth section ξ̃ of gD we have a function (Jnh
d )

ξ̃
: Q × Q → R,

defined as (Jnh
d )

ξ̃
(qk−1, qk) = Jnh

d (qk−1, qk)
(
ξ̃(qk)

)
.

A horizontal symmetry is an element ξ ∈ g such that ξQ(q) ∈ Dq for all
q ∈ Q.

If Ld is G-invariant and ξ is a horizontal symmetry, then the proposed
nonholonomic integrator preserves (Jnh

d )ξ, the discrete nonholonomic
momentum map.

Let the configuration manifold be a Lie group with a Lagrangian defined
by a bi-invariant metric and with an arbitrary distribution D, and take a
discrete Lagrangian that is left-invariant. Then the proposed method is
energy-preserving.

4 Nonholonomic SHAKE and RATTLE
On Q = Rn, consider the Lagrangian L(q, q̇) = 1

2q̇
TMq̇ − V (q) with M

invertible, and the constraints µ(q)q̇ = 0, where µ(q) is a m × n matrix
with rank µ = m.

Symmetric discretization:

Ld(qk, qk+1) =
h

2
L

(
qk,

qk+1 − qk
h

)
+
h

2
L

(
qk+1,

qk+1 − qk
h

)
Our method yields the equations

qk+1 − 2qk + qk−1 = −h2M−1
(
Vq(qk) + µ(qk)Tλk

)
0 = µ(qk)

(
qk+1 − qk−1

2h

)

This is an extension to the SHAKE method proposed by [5] to the case of
nonholonomic constraints. SHAKE for holonomic constraints g(q) = 0 is

qk+1 − 2qk + qk−1 = −h2M−1
(
Vq(qk) + g′(qk)Tλk

)
0 = g(qk+1).

The SHAKE methods involve a three-term recursion, which can lead to an
accumulation of round-off errors. A reformulation as one-step methods is
desirable (RATTLE). Define the momenta:

p̃k =
1

2

(
p+
k−1,k + p−k,k+1

)
= M(qk+1 − qk−1)/2h

pk+1/2 = M(qk+1 − qk)/h

Rewriting the equations we get

pk+1/2 = p̃k −
h

2

(
Vq(qk) + µT (qk)λk

)
,

qk+1 = qk + hM−1pk+1/2,

0 = µ(qk)M−1p̃k,

p̃k+1 = M(qk+2 − qk)/2h.

Replace the last equation by an additional step of the algorithm:

pk+1/2 = p̃k −
h

2

(
Vq(qk) + µT (qk)λk

)
qk+1 = qk + hM−1pk+1/2

0 = µ(qk)M−1p̃k

p̃k+1 = pk+1/2 −
h

2

(
Vq(qk+1) + µT (qk+1)λk+1

)
0 = µ(qk+1)M−1p̃k+1

Note that p̃k lies on the constraint submanifold. Thus, there is a natural
constraint on initial conditions: µ(q0)M−1p̃0 = 0.

This suggests initial conditions for an algorithm on Q×Q:

M0 = {(q0, q1) ∈ Q×Q | F−Ld(q0, q1) ∈ (D⊥)o}.

This can be used to initialize the algorithm for general Q and L.
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