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1 Introduction

In the case of nonholonomic systems, the Lagrange-d’Alembert principle, that gives the
equation of motion, can be reduced using covariant derivatives. The resulting equations are
called the Lagrange-d’Alembert-Poincaré equations.

If the symmetry group has a normal subgroup, then reducing by the whole group is
shown to be isomorphic to what one gets by reducing by stages. That is, the reduction
process of a Lagrangian system with symmetry can be repeated and we have the theory of
Lagrangian reduction by stages.

In this work we study the Lagrangian reduction by stages for the case of a nonholonomic
system, following the theory developed by Cendra, Marsden and Ratiu in [1, 2]. We obtain
a formula for the Lie bracket for a given chain of normal subgroups. Using this, we write the
FEuler-d’Alembert-Poincaré equations, and also local Lagrange-d’Alembert-Poincaré equa-
tions, by stages.

2 The Lie bracket by stages

2.1 An explicit formula for the Lie bracket for two stages

We know that for any principal bundle 7 : @ — /G with structure group G there exists
an invariant Riemannian metric. Let N be a normal subgroup of G and choose a G-
invariant metric on Q. For each ¢ € Q we have a direct sum orthogonal decomposition
T,Q = Ver™(T,Q) + Hn(q), where Hy(q) is the orthogonal complement of Ver™(T,Q).
The collection of all Hy(q) defines a G-invariant connection over the principal bundle @
with structure group N. Let Ay be the corresponding 1-form connection. Also we have the
following proposition (see [2]):

Proposition: Consider a Lie group G, a normal subgroup N of G and K = G/N. Let
G, N and K be the Lie algebras of G, N and K respectively. We choose an identification
G = K x N as linear spaces. Let Ay be the principal connection on the principal bundle
G with structure group N having the property that An(gvg) = AdgAn(vq), for every
9,9 € G, vy € T;G. Then G = KAY @& N where KA~ is the horizontal lift of K in the bundle



G — G/N. In this context, the bracket in the Lie algebra G can be written in terms of~ the
brackets of the Lie algebra A" and the Lie algebra K, and also in terms of V(AN:Y) and BA~
(see [2]) as follows:

[k1 @ 1, k2 @ 2] = [k1, k2] ®[VAY ]y i~ [VAY V| om —[BAN] g v (K1, ko) +[n1,72] |

where

[BAN] g/ (i, ki2) = HeG, —An(eq) ([/‘”vaﬂf;‘N])}N}G/N,

AN

with 7" is the horizontal lift of x; in eq to G for ¢ = 1,2.

Here we have identified K with its adjoint bundle K given by k = lex, K|k . Likewise,
we identify A with the space of sections of the adjoint bundle N (as vector bundle over
K = G/N) given by n = oy, where o, : G/N — N is defined by on(lgln) == [g, Adgn]N.
We have that

[V(AN’V)]G/N, k= [[ev [’{ANa U]]N]K

AN is the horizontal lift of £ in eg to G.

where &

Using the previous formulas we obtain an explicit formula for the Lie bracket on G =

KAN @ N -

@0, k@7 = [5,8] @ VAN 7 = VA — [BAY| e (, F) + [n,7] =

)

= s, [le, [, )] = [l (54 ] | [e = Antea) (I mf™) ]+,

Defining the bilinear forms by : K x N’ — N /K =N and ay : K x K — N/K = N by

by (k,m) == He, [/{AN,U]]N]K and ay(k,R) := He, —An(e) ([KAN,EAN])]N]K,

respectively, we can write the Lie bracket as follows:
(@ n,Fomn = [r,F &by (kM) — by (R, n) — an(k, F) + [0, 7).

2.2 The Lie bracket for n stages.

Theorem 2.1 Let G be a Lie group and a chain of n normal subgroups N; < Nj_q for

1 <j < n, where Ng = G. Consider Ny+1 = (e) and denote N(;_y jy to the groups Nj_1/Nj.

We will denote N to the Lie algebra of the subgroup N; and Mj—l,j) to the Lie algebra of
N(jflvj).
Consider also a linear isomorphism

g=kK @./\/’(1,2) D ... @Mn—l,n) @Mn,n+1)

as an identification, being K = ./\/'(071) the Lie algebra of G/N1 = N 1).



Let k & (@ n(i’ﬂ'l)) and K @ @ﬁ(j’j+1) be two elements of G with K,k € K and
i=1 j=1

n(ivi+1) & '/\/'(i,i—‘rl)? ﬁ(]7]+1) [ '/V'(j,j-Fl)'

Ny P NG-1j) X NG — ./\~/'-/N(]~_17j) ~ Nj, where /V] is the

adjoint bundle of the principal bundle Nj_1 — N;_1 j) with structure group Nj with left

action, defined by by, n,)(n,7) := He, [nANj,ﬁ]}N} ; and
TING-1,9)

Consider the maps b,

-1,

NNy 41) P NG X NGgn) = Nie1 /NGy = Ny defined by

_ A _AnN.
AN, Ny (10,71) = He’ — AN () ([77 e Nﬁl])}N. } .
TN )
The map bi,_, n;) ts tdentified with a quotient vertical connection because

Hea [nANj,ﬁ]} ' = [V(ANj’V)]N(jfl,jw 7 being nANJ' the horizontal lift of 1 in
IING-1,9)
the bundle Nj_1 — Nj_l/Nj with connection AN]..

The map a(n; N,.) is related directly with the curvature of the connection Ay, due to
“ Ay (o) (e ) = B () (e (0). 7 (e)).

Then we have the following formula for the Lie bracket over G :

K@D <é n(i,i-f-l)) JE® éﬁ(j7j+1) —
=1 j=1

= [k, K] ® (@ ([77(1 D) ] | Z ( Evljjlvl k1)) ngijb)l)(g7n(k,k+l))) +

=1
(i (g S | g [ gemin S e | | gl
(NN | T 2. (NN | T 2.7 (No,Np) o>
7—1
+1 _
m=1

The notation b(l +1)

(N, 1,N,) indicates the component of b(n Nj_1,N;) i1 N(z’,i+1)-

Corollary 2.2 In particular, if n = 2 we have the expression

o _ _ _ 1,2 _
[ﬁ ot en® 5e7t? @ n(2’3)] = [k, Ao, 700D T+ 6, T2



1,2 2 _ 2 _ _ 2,3 _
bENO?Nl)(Han(LZ)) - bE}VO?Nl)(Kﬂ//(ZB)) E}VO?Nl)(K’ H) @ [77(273)777(273)] bEN )Nl)( 777(172))—’_
(2,3) —(2,3 (2,3) 1,2 (2,3) 2,3 (2,3) —\ 1 1(2:3) 2) (2,3
b(No,Nl)(R’ 77( )) b(NO Nl)(H7 77( )) b( No, Nl)</<6 77( ))_a(Nle)(/i’ H)+b(N17N2)(77(1 )’ 77( ))

—b(2’3) —(1,2) 7 77(2’3)) (2 3)

1,2 1,2
(NLNQ)(n (N1N2)(77( ) ( ))

3 Equations of motion by stages.

3.1 Euler-d’Alembert-Poincaré equations by stages.
Consider G = KD N1,9) D ... ©N(—1,n) © N nt1) and let D be a distribution over G that
describes the kinematic restriction. Since D, C G,

D .= De = DK ©® D(l,Z) D...D D(nfljn) ® D(n,n+1)

where Dg = DN K and Dy, ;41) = D NN 41y, with 1 <i <n.

Consider §; = D, NV, being V the vertical distribution. In this case, V, = T,G and
S = D. Suppose
S =8 =Sk® 8(172) b..PD S(n—l,n) D S(n,n—i—l)

where SK =SNK= DK and S(i,’i+l) =S ﬁN(MH) = D(i,i+1)7 for 1 < ) <n.

ol T . :
If p= ke ® (@ ﬂ(j’jﬂ)) € §*, using the formula for the Lie bracket by stages,

we obtain the Euler-d’Alembert-Poincaré equations as follows

( als, = adio,
B - | o _ d.. B Bess b(z i+1) ( ) B 4 b(z‘7i+1) ( (j—1,5) )
(3,3+1) 1S(3,i+1) a nlii+1) P (i,i+1) + (4,i+1) \ Y(Ng,N1) + 4,541) Z (Nj—1,N;) n ) - ’
j=2
0 = B, z (4,i4+1) Z (k,k4+1) (z i+1) (,‘ﬁ? ) ‘
(3,24+1) NO,Nl) n No N1) Sk
_a
T
Biis _ o
\ (Gi+1) = onliit1)”



3.2 Local Lagrange-d’Alembert-Poincaré equations by stages.

Let @ = X x G be a trivial principal bundle with a left action. Consider
G=KONi2 @ ... ©Npni1) and G = X x G. Let D be a distribution over G.

Suppose that D := D, = Dk © D(12) @ ... ® Dy py1) Where D = DNK and Dy 41y =
D mN(i,i+1)> with 1 << n.

Consider also §; = Dy NV, where V is the vertical distribution, and suppose
S = Se = SK D 8(1’2) D...D S(n,n+1) where SK =SNK and S(i,i+l) =8N Mi,’i+1)7 for
1< <n.

oo l l
Let { =k ® (@ T](MH)) € G, then g = gé € G* and suppose that
i=1

ol ol - ol = . .
o~ o (691 877(j,j+1)> =o® (@ 5(j7j+1)> » where @ € G and f; 541y € N(j 1)
]:

J=1

Since A(z)i € G, it has a decomposition A(z)i = AX (z, &) (EB A () ) with
A (z, %) € K and AW (2, &) € Nit1)-

Also consider B(zx,e)((,0), (dz,0)) =9 @ <@ (p(k,kJrl)) cq.

k=1

Then, the local Lagrange-d’Alembert-Poincaré equations

d ol ol
4136 - d€a§ adf“”af .
5 80— S 0 = S B()(d.00) — LA,

by stages, and in the case of a nonholonomic system are



! ’SK = a'd,{ AK (z, )Oé - <Ck7 [K; - AK([B,{E), : ])7

B(i,iJrl) ‘S(i,iJrl) = <B(i i+1)s [1 Gitl) — AGHD (2 5), ]+ bgv’t’”]b)l)(m — AR (z, 1), )

_Zbgz\;lj—‘rllv J (j 17‘7) _A(]_L])(:L":L‘)’ ‘ )>,

ol d ol B K T (ii+1) _ [ fG,i+1) (i,i+1)
oo 01— o0 = (o — [A¥(3,62),]) & (6? <6<i,m>,¢ [AGHD (2, 62), )]
= 2 b (A (@, 82), D) — BEGED (s, ARFD (2, 52)))
k=1
i (4,i+1) i—1,5 - LI+1
B (b(NghNg) (A(J D, d2), > 0t ))
j=2 I=j
p=J
i—1
4,341) 1,i+1) m,m m,m
aENJNl)(AK (x,0z), k) + Z a N,:, Noms1) Alms “)(x,dx),n( ’ +1))> >§
m=1
0 = <ﬁ(i»i+1)’_b8v?1{/1)< ’ (nkk:-i-l — Al k+1)($7¢))>

ii+1
—ali N (5 = AR (2, 2) >\SK,

ol

where a = I and [ 41) W
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